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Abstract

Next-generation experiments are targeting an accurate measurement of the Cos-
mic Microwave Background (CMB) polarization. Detecting a specific pattern in
CMB polarization, the primordial B-modes, would confirm cosmic inflation and
constrain existing models. In this framework, Simons Observatory (SO) repre-
sents the most advanced current experiment for observations of B-modes through
three Small Aperture Telescopes (SATs). They are designed to observe the CMB
polarization and then measure the primordial tensor-to-scalar ratio (r), with a
target uncertainty of less than 0.003. This thesis applies for the first time the blind
Needlet-ILC (NILC) and Multi-Clustering (MC-NILC) component separation tech-
niques on realistic sky simulations generated from the most recent experimental
configuration of SO, to forecast the sensitivity on r, specifically focusing on a
10% sky fraction. We also explored the combination of SO simulated data sets
with higher frequency channels accessible from space, for example with Planck
and LiteBIRD. Galactic foreground contamination is added considering realistic
models with increasing complexity based on state-of-the-art data and simulations,
which include spatial variability of the spectral indices of the components. The
instrumental noise is incorporated by considering both a simple Gaussian, white
and isotropic model and a more realistic description which includes the effects
of a non-uniform scanning strategy and a 1/ f correlated component. The results
show that NILC and MC-NILC methods prove to be effective in mitigating con-
tamination by polarized Galactic emission. NILC provides an upper bound on
residual foreground contamination at 68% CL of the order of r ∼ 4 · 10−3 and gives
significant bias on r for a more complex foreground model. Whereas, MC-NILC
provides an upper bound even for the complex foreground model at 68% CL of the
order of r ∼ 2 · 10−3, which is compatible with the science target of SO. As proved
by the lower obtained upper bounds, the MC-NILC methodology results to be
more effective in reducing foreground contamination, thanks to an optimization
of the spatial domains where component separation is separately implemented.
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Motivation

The Cosmic Microwave Background (CMB) is a fundamental observable in current
cosmology, representing the residual light of the Big Bang that fills the universe.
The accidental discovery of the CMB in 1965 by Arno Penzias and Robert Wilson
marked a pivotal moment in the study of cosmology. Their findings provided
compelling evidence in support of the Big Bang theory, which suggests that the
universe originated from a hot, dense state. For this groundbreaking discovery,
Penzias and Wilson were awarded the Nobel Prize in Physics in 1978. Their work
not only contributed to a deeper understanding of the origins of the universe but
also solidified the Big Bang theory as a central pillar of modern cosmology.

Current cosmology investigations and future experiments are increasingly
focusing on CMB polarization. This feature of CMB could disclose a lot more
about the early universe, notably about cosmic inflation. Inflation theory claims
that the universe expanded rapidly after the Big Bang, this expansion brought on
cosmological scales quantum vacuum fluctuations, which served as the density
seeds for all the structures we observe in the universe today. Additionally, this
expansion is expected to have produced gravitational waves. These waves, in
turn, would imprint a distinct signature on the CMB polarization patterns, known
as B-modes.

CMB polarization is categorized into two types: E-modes and B modes. E-
mode polarization is associated with density fluctuations and acoustic oscillations
in the primordial plasma. E-modes are mainly caused by Thomson scattering of
CMB photons off unbound electrons before recombination. A curl-like pattern in
the polarization of CMB photons represents B-mode polarization. Unlike E-modes,
B-modes can be caused by several mechanisms, including gravitational lensing
of CMB photons by large-scale structures and gravitational waves from cosmic
inflation. Detecting B-mode polarization in the CMB is a key goal in cosmology
since it could indicate the presence of primordial gravitational waves from the
early cosmos. The amplitude of the B-mode signal is linked to the energy scale of
inflation.

Future CMB experiments aim to improve the sensitivity to detect primordial
B-modes, which would be a critical step towards proving the inflationary scenario.
However, this signal is significantly weaker by a factor of 102 to 103 than the
polarized emission of our Galaxy. Various techniques are being used to separate
primordial and foreground emissions, one of which is the Internal Linear Com-
bination (ILC), which stands out for its ability to eliminate foregrounds without
considering a specific model for their emissions, which is crucial given our lim-
ited understanding of polarized galactic components. To further improve this
technique, approaches in Needlet space are introduced in which the separation
is done in specific portions of the sky selected to have similar foreground prop-
erties, which represents a significant stride in addressing more complex B-mode
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foreground contamination challenges.
In this thesis, we investigate the robustness of the above-mentioned component

separation techniques and optimise these techniques for application to future CMB
experiments like Simons Observatory and LiteBIRD.
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Chapter 1

Introduction

1.1 The Standard Model of Cosmology

The Lambda Cold Dark Matter (ΛCDM) model also known as the “Concordance
Cosmological Model” is widely accepted as the standard model of cosmology.
It provides a comprehensive framework to describe the cosmic evolution and
large-scale structure of the universe. According to the cosmological principle, the
universe is considered to be isotropic (same in all directions) and homogeneous
(uniformly distributed on large scales). Such a model effectively explains a broad
range of cosmological observations, including the expansion of the universe,
the properties of the cosmic microwave background (CMB) radiation, and the
distribution of galaxies.

The fundamental components of ΛCDM model, each of them characterized
by an equation of state p = ρω with p the pressure, ρ the density and ω the state
parameter, are:

• Dark Energy: Approximately 70% of the total energy density of the uni-
verse is attributed to dark energy (ω < −1/3), whose phenomenological
behaviour, at the moment, is properly described by the cosmological con-
stant Λ having ω = −1. This is responsible for the accelerated expansion of
the universe observed in distant Type Ia supernovae [1, 2].

• Cold Dark Matter: Around 25% of the universe’s energy density consists
of cold dark matter with ω = 0. CDM is non-relativistic at the time of
decoupling and interacts primarily through gravitational forces, playing a
crucial role in the formation of the large-scale structure of the universe [3, 4].

• Baryonic Matter: Ordinary matter with ω = 0, which includes protons,
neutrons, and electrons, constitutes about 5% of the total energy density and
forms stars, planets, and all visible structures in the universe.

• Radiation: This includes photons and neutrinos with ω = 1/3. Photons are
primarily observed as the CMB, while neutrinos contribute a small fraction
to the overall energy density. Radiation is significant in the early universe
but has a negligible effect on the dynamics of the current universe.

• Curvature: The ΛCDM model generally assumes a flat universe (k = 0)
based on measurements of the CMB [5].
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1.1.1 The Friedmann Equations

The evolution of the universe in the ΛCDM model is governed by the Friedmann
equations, which are derived from the equations of General Relativity (GR). These
equations describe how the expansion of the universe is influenced by its content,
including dark energy (represented by the cosmological constant Λ), dark matter,
and ordinary matter.

In cosmology, the expansion of the universe is characterized by the scale factor
a(t), a dimensionless quantity that describes how distances between two points in
the universe change over time. A scale factor of a(t) = 1 is often normalized to
the present time, with a(t) < 1 corresponding to earlier times (when the universe
was smaller) and a(t) > 1 corresponding to future times (when the universe will
be larger).

Expressed in terms of the scale factor and the density parameters, the first
Friedmann equation in the ΛCDM model is given by:(

H
H0

)2

= Ωma−3 + Ωra−4 + Ωka−2 + ΩΛ, (1.1)

where:

• H(t) = ȧ = da
dt : Hubble parameter at time t,

• H0: Hubble constant (current value of the Hubble parameter),

• Ωm(t) =
8πGρm

3H2 : density parameter for matter,

• Ωr(t) =
8πGρr

3H2 : density parameter for radiation,

• Ωk(t) = −k
(aH)2 : density parameter for curvature,

• ΩΛ(t) =
8πGρΛ

3H2 : density parameter for dark energy,

The second Friedmann equation, which describes the acceleration of the expan-
sion, is:

ä
a
= −4πG

3
(ρ + 3p) +

Λ
3

(1.2)

where ρ and p are defined as the sum of the contributions from all components:
matter (ρm, pm), radiation (ρr, pr), and dark energy (ρΛ, pΛ).

1.1.2 Implications of the ΛCDM Model

The ΛCDM model has several important implications for our knowledge of the
universe:

• Cosmic Expansion: The model explains the observed expansion of the
universe. The scale factor a(t) describes how distances in the universe
change over time, governed by the Friedmann equations mentioned above.
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• Structure Formation: CDM provides the gravitational framework for the
development of galaxies and clusters. Small initial density perturbations
generated by quantum fluctuations grow over time, resulting in the large-
scale structures observed today [6].

• Cosmic Microwave Background: The CMB provides a snapshot of the early
universe, allowing precise measurements of cosmological parameters. The
ΛCDM model accurately predicts the anisotropies in the CMB, which are
small fluctuations of the order of 10−5 in the CMB temperature field (see
section 1.13). They are imprinted by primordial density fluctuations [7].

• Baryon Acoustic Oscillations (BAO): The ΛCDM model explains the pe-
riodic fluctuations in the density field of the visible baryonic matter of the
universe, providing a "standard ruler" for measuring cosmic distances [8].

1.1.3 Problems and Challenges of the ΛCDM Model

Despite its successes, the ΛCDM model faces several unresolved issues and chal-
lenges:

• Nature of Dark Energy: The cosmological constant Λ is an ad hoc addition
to the model, and its physical nature is still unknown. Alternatives such
as quintessence propose a dynamic field, but these theories lack conclusive
observational evidence [9].

• Nature of Dark Matter: While CDM is a crucial component, its exact nature
is still unknown. Numerous candidates, such as Weakly Interacting Massive
Particles (WIMPs) and axions, have been proposed, but direct detection is
still missing [10].

• Hubble Tension: There is a disagreement between the Hubble constant (H0)
values obtained from the early universe (CMB measurements) the and late
universe (local distance measurements), indicating potential new physics
beyond the ΛCDM model [11, 5].

• Small-Scale Structure Problems: The ΛCDM model predicts more small-
scale structures, such as satellite galaxies than are observed. This discrepancy
is the "missing satellites problem" [12].

• Curvature Problem: The curvature problem arises from the fact that the
universe seems to be almost flat, which would require fine-tuning of the
initial conditions in the early universe. This degree of fine-tuning would
be difficult to account for within the standard ΛCDM paradigm. Cosmic
inflation addresses the flatness problem by proposing a rapid exponential
expansion of the early universe which stretched the universe to near-flatness,
making the observable universe appear geometrically flat [5].

• Horizon Problem: The horizon problem refers to how distant parts of the
universe, which were not in causal contact, have nearly the same tempera-
tures and properties. The standard ΛCDM model does not naturally explain
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this uniformity without adding an extra mechanism, such as cosmic inflation,
which suggests that the universe expanded rapidly at the early stages, letting
distant parts come in causal contact.

The ΛCDM model is phenomenologically very successful in explaining many
key observations about the universe but lacks a fundamental theory motivating
it. This leaves some crucial questions about the nature of dark matter and dark
energy, together with the physics of cosmic inflation, largely unexplained.

1.2 Inflation

In the early 1980s, Alan Guth [13], Andrei Linde [14], and others proposed the
inflationary theory. It predicts an era of extremely rapid expansion in the early
universe, which occurred shortly after the Big Bang during which the scale factor
grew exponentially by a factor given in terms of a(tend)/a(tbeg) = eN where N
is the e-folds. Here, tbeg refers to the time at the beginning of inflation and tend
refers to the time at the end of inflation. This theory was introduced to address
several fundamental problems with the standard ΛCDM model, including the
monopole problem, the horizon problem, and the flatness problem (also known as
the curvature problem).

• The monopole problem pertains to the prediction of a high density of mag-
netic monopoles, which are hypothetical particles expected to be present,
in the early universe. However, these monopoles are not observed in the
universe today, indicating a discrepancy with the standard model. Inflation
reduces the density of existing monopoles by spreading them over an expo-
nentially expanding volume, effectively making their density undetectable.

• The horizon problem can be solved by introducing an inflationary period(
10−36 ≲ t ≲ 10−32), in which the universe expanded exponentially, causing

regions that were once in causal contact to be driven far apart thus allowing
for the homogenization of the temperature and density.

• Inflation causes the universe to expand rapidly, effectively eliminating any
initial curvature and resulting in the appearance of a flat universe regardless
of its initial state.

Cosmic inflation is typically predicted to be driven by a single scalar field
denoted as ϕ(t), known as the inflaton, with a potential V(ϕ) having a negative
slope, which is sufficiently flat to account for the accelerated expansion [15]. The
evolution of the inflaton field ϕ(t) is governed by the Klein-Gordon equation in
an expanding universe [13, 14]:

ϕ̈ + 3Hϕ̇ +
dV
dϕ

= 0, (1.3)

where H = ȧ
a is the Hubble parameter during inflation. The energy density

and pressure of the inflaton field which drive the exponential expansion, are given
by:
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ρϕ =
1
2

ϕ̇2 + V(ϕ); pϕ =
1
2

ϕ̇2 − V(ϕ) (1.4)

The slow-roll approximation is often used to describe inflation, where the
inflaton field slowly rolls down its potential, leading to an almost constant Hubble
parameter obtained from the first Friedmann eq. 1.1, when the energy density
content of the universe is dominated by the inflation :

H2 ≈ 8πG
3

V(ϕ).

This approximation ensures that the expansion is nearly exponential. The second
derivative of the scale factor, ä can be written as

ä
a
= Ḣ + H2 = H2 (1 − ϵH) , (1.5)

where ϵH is the first slow-roll parameter, defined as:

ϵH = − Ḣ
H2 ≪ 1. (1.6)

The above condition ensures that if the potential is sufficiently flat, Ḣ is small and ä
is positive and ϕ slowly rolls down the potential. Inflation ends when the potential
becomes too steep, the field then oscillates around the minimum of its potential
and decays, creating a radiation-dominated universe and later matter. This process
is known as reheating. Quantum fluctuations in the scalar field generate density
perturbations. This will be discussed in the next section.

The theory of cosmic inflation is strongly supported by several key pieces of
observational evidence that align well with the predictions of inflationary models.
Some of the most compelling evidence includes:

• Support from CMB Observations: The Planck satellite has provided detailed
measurements of the CMB power spectrum, which are in excellent agreement
with the predictions of inflationary models.

• Large-Scale Structure: The distribution of galaxies and the large-scale struc-
ture of the universe are consistent with the initial density perturbations
predicted by inflation.

1.2.1 Origin of Cosmic Pertubations

Until now we have discussed an evolution of the Background universe which is
isotropic and homogenous to a high degree based on the cosmological principle.
However, an unperturbed and initially homogenous universe will not give rise
to the planets, stars galaxies, and clusters that we observe today. This issue of
the standard ΛCDM model is resolved by inflation which not only addresses the
horizon and flatness problems but also provides a natural mechanism for generat-
ing the initial density perturbations that lead to the formation of the large-scale
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structure of the universe [16, 17, 18]. These perturbations are seen as anisotropies
in the CMB temperature and the distribution of galaxies in the universe.

During the inflationary period, quantum fluctuations in the inflaton field were
stretched to large scales due to the rapid expansion of the universe and then
propagated to matter density and metric perturbations, finally leading to the
large-scale structures we observe today.

The evolution of quantum fluctuations of the inflaton field δϕ in an expanding
universe can be described by the Klein-Gordon equation [19]:

δ̈ϕ + 3H ˙δϕ − ∇2δϕ

a2 + V′′δϕ = 0 . (1.7)

where ϕ̇ = dϕ/dt and V′ = dV/dϕ.

Scalar Perturbations

The scalar perturbations, which are responsible for the density fluctuations, can be
characterized by means of the gauge-invariant curvature perturbation R which
represents the gravitational potential on comoving hypersurfaces where δϕ = 0.
For Gaussian perturbations, the power spectrum fully describes their statistics.
The power spectrum of curvature fluctuations, PR(k), is predicted to follow a
power-law given by:

PR(k) = As

(
k
k0

)ns−1

. (1.8)

Here, k is the wavenumber defined as k = 2π
λ , As is the amplitude of the scalar

perturbations, ns is the spectral index, and k0 is a pivot scale 1.

Tensor Perturbations

Inflation also predicts the generation of tensor perturbations i.e. primordial gravi-
tational waves. The power spectrum of the tensor perturbations, Pt(k), is given
by:

Pt(k) = At

(
k
k0

)nt

, (1.9)

where At is the amplitude of the tensor perturbations and nt is the tensor
spectral index.

Future experiments, like the Simons Observatory [20] and the LiteBIRD satel-
lite [21], aim to measure with even greater precision the CMB polarization and
primordial gravitational waves, providing further tests of inflationary theories.

Tensor-to-Scalar Ratio

The ratio between the amplitudes of the tensor and scalar power spectra defines
the so-called tensor-to-scalar ratio r, which quantifies the relative contribution of

1The pivot scale, denoted by the wavenumber k0, is a specific reference scale at which the
amplitude of the power spectrum As is defined, it is typically set to be 0.05 Mpc−1 for CMB
measurements.
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scalar and tensor perturbations. It reads as [22]:

r =
At

As
= 16ϵ . (1.10)

Since ϵ is expected to be small, we have not yet detected gravitational waves.
This ratio is strongly correlated to the model, different inflationary models pre-
dict distinct values of r, thus its measurement may allow identifying the correct
scenario.

FIGURE 1.1: Adapted from [23], shows CMB B-modes measurements
by several experiments. The dashed and dotted lines correspond to
the theoretical predictions of the primordial signal for r, while the

solid line represents the lensing signal.

The current most stringent upper bound on r from the Planck satellite observa-
tions, combined with data from BICEP2/Keck, shown in Figure 1.1, is [23, 24]:

r < 0.028 (95% CL) (1.11)

which means that the amplitude of tensors cannot be greater than 0.028 the scalars.
This is why we need next-generation CMB experiments. Future CMB experiments,
such as the Simons Observatory, aim to achieve a sensitivity of σ(r) < 0.003 [25],
while LiteBIRD aims to reach a sensitivity level of 10−3 [26].

1.3 Cosmic Microwave Background

The discovery of the CMB radiation by Arno Penzias and Robert Wilson [27] in
1965 provided strong evidence for the Big Bang theory origin of the universe [28].
The CMB spectrum can be described to very high precision by a black body with
temperature T = 2.725 K. However, it exhibits small deviations from isotropy
at the order of ∆T/T ≲ 10−5. These are also known as anisotropies and can be
mapped through sensitive detectors. Space-based experiments such as COBE
[29], WMAP [7] and Planck [30] have been used to measure these temperature
inhomogeneities. The measurement of these anisotropies has been extended
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to smaller angular scales by ground-based experiments such as the Atacama
Cosmology Telescope (ACT) [31] and the South Pole Telescope (SPT) [32] through
much improved angular resolution.

The CMB spectrum as measured by COBE is shown in Figure 1.2 and, as
anticipated above, is perfectly described by a blackbody emission:

Iv(n̂) =
2hv3

c2
1

exp
(

hv
kT

)
− 1

= 2
(kT)3

(hc)2

[
x3

ex − 1

]
, (1.12)

where x = hv
kT , n̂ is a direction in the sky, and T is the associated black-body

temperature.

FIGURE 1.2: CMB spectrum measured by the FIRAS instrument
onboard the COBE satellite. The theoretical model of the black-
body spectrum with temperature 2.725 K is represented by the blue
curve, while the red bars represent the negligible uncertainty in the

measured intensity values.

1.3.1 Temperature Anisotropies

FIGURE 1.3: Full sky CMB temperature anisotropies mapped by the
Planck satellite
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CMB temperature anisotropies δT can be expanded into a spherical harmonic
basis:

δT(φ, ϑ)/To = ∑
ℓm

aℓmYℓm(φ, ϑ), (1.13)

where, aℓm are the coefficients of the expansion, (φ, ϑ) is the direction on the sky
and To is the averaged temperature given as:

T0 =
1

4π

∫ 2π

0

∫ π

0
T(φ, ϑ) sin ϑdϑdφ. (1.14)

The spherical harmonics are defined as:

Yℓm(φ, ϑ) =

√
(2ℓ+ 1)

4π

(ℓ− m)!
(ℓ+ m)!

Pm
ℓ (cos ϑ)eimφ, (1.15)

where the Pm
ℓ are the associated Legendre polynomials,

Pm
ℓ (x) =

(−1)m

2ℓℓ!

(
1 − x2

)m/2 dm

dxm Pℓ(x) (1.16)

and the Pℓ(x) are the Legendre polynomials,

Pℓ(x) =
1

2ℓℓ!
dℓ

dxℓ

((
x2 − 1

)ℓ)
. (1.17)

The dipole term in the CMB anisotropies was measured around 1970 and was
found to be ≲ 10−3 [33]. When analysing CMB anisotropies, the dipole term is
usually subtracted and the following terms are considered:

δT(n̂) =
T(n̂)

T0
− 1 −

1

∑
m=−1

am
1 Y1m(ϑ, φ) =

∞

∑
ℓ=2

ℓ

∑
m=−ℓ

am
ℓ Yℓm(ϑ, φ) (1.18)

where n̂ also identified by the angles (ϑ, φ) is the direction along the line of
sight. These fluctuations are observed to be

∣∣δT(n̂)
∣∣ ≲ 10−5. Such fluctuations are

statistically isotropic and Gaussian according to the inflationary scenario, and can
be completely described by the two-point autocorrelation function between n̂ and
n̂′ on the sky

CT(ϑ) =
〈

δT(n̂)δT (n̂′)〉
n̂·n̂′=cos ϑ

, (1.19)

where ϑ is the angular separation between n̂ and n̂′. Using eq. (1.13), the eq. (1.19)
can be written in terms of spherical harmonics as:

CT(ϑ) =
〈

δT(n̂)δT (n̂′)〉 = ∑
ℓ,ℓ′

∑
m,m′

⟨aℓma∗ℓ′m′⟩Yℓm (n̂) · Y∗
ℓ′m′

(
n̂′) . (1.20)
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The above expansion in terms of Legendre polynomials reads:

CT(ϑ) =
∞

∑
ℓ=0

2ℓ+ 1
4π

CT
ℓ Pℓ(cos ϑ). (1.21)

The above equation can be solved for the coefficients CT
ℓ using the orthogonality

of the Legendre polynomials with the scalar product:

⟨ f , g⟩ =
∫ 1

−1
f (x)g(x) dx (1.22)

which gives us:

CT
ℓ = 2π

∫ π

0
CT(ϑ)Pℓ(cos ϑ) sin ϑdϑ. (1.23)

The dimensionless coefficients CT
ℓ represent the Angular Power Spectrum of the

CMB temperature anisotropies shown in Figure. 1.4. The peaks in the CMB power
spectrum are the imprints left by the acoustic oscillations in the primordial plasma
which refer to sound waves that propagated through the hot, dense mixture of
photons, electrons, and baryons in the early universe. These oscillations occurred
before the universe cooled enough for atoms to form, during the period known as
the photon-baryon fluid era. Largest scales anisotropies (low multipoles) are the
direct imprint of primordial perturbations unaffected by acoustic oscillations. The

FIGURE 1.4: Angular power spectrum of the CMB temperature
anisotropies represented as Dℓ ≡ ℓ(ℓ+ 1)Cℓ/(2π) in µK2 units. The
green curve is the ΛCDM theoretical model, while the red points are
the measurements taken by the Planck mission. The error bars for the
largest angular scales reflect both the uncertainties in measurements
and the impact of cosmic variance. The angular scale θ is connected

to the multipole moment as ℓ = 180◦/θ.

Cℓ power spectrum also represents the variance of the harmonic coefficients aℓm,
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which, due to statistical isotropy, is independent of m:

Cℓ ≡ ⟨aℓma∗ℓm⟩ . (1.24)

In the above equation, <> represents the ensemble average typically taken over
independent realizations but since we only have one observable universe the
only option is to estimate the observed angular power spectrum coefficients by
averaging, for every multipole ℓ, over the allowed orientations m of the observed
harmonic coefficients aobs

ℓm . Therefore, the observed angular power spectrum is
estimated as:

Cobs
ℓ =

1
2ℓ+ 1

l

∑
m=−ℓ

∣∣∣aobs
ℓm

∣∣∣2 . (1.25)

However, this estimate is subject to statistical uncertainty, called cosmic variance,
originating from the fact that we can only observe one CMB sky realization. Cos-
mic variance sets a fundamental limit on the precision with which we can measure
the true power spectrum Cℓ, as, even with perfect measurements, the finite number
of m modes available for each ℓ introduces an unavoidable uncertainty [34]:

∆Cℓ

Cℓ
≈
√

2
2ℓ+ 1

. (1.26)

1.3.2 CMB Polarization

CMB is linearly polarized due to the Thomson scattering of the photons off free
electrons in the primordial plasma. This linear polarization can be expressed in
terms of Stokes parameters Q and U. The components of an electric field vector
for a monochromatic wave with frequency ω propagating along the ẑ direction
are given by:

Ex = ax cos (ωt − ξx) ; Ey = ay cos
(
ωt − ξy

)
(1.27)

.

• Ex and Ey are the components of the electric field in the x and y directions,
respectively,

• ax and ay are the amplitudes of the electric field components,

• ω is the angular frequency of the wave,

• ξx and ξy are the phase shifts of the electric field components in the x and y
directions, respectively.

The intensity is then [35]:
I = a2

x + a2
y (1.28)

and linear-polarization parameters Q and U are:

Q = a2
x − a2

y, U = 2axay cos
(
ξx − ξy

)
, (1.29)
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where Q quantifies the polarization along x or y axes while U along the axes
rotated by 45◦ with respect to the xy reference frame. The circular-polarization
parameter is expected to be null for CMB:

V = 2axay sin
(
ξx − ξy

)
= 0 . (1.30)

Once the Q(n̂) and U(n̂) are measured as a function of the position on the sky n̂
on a flat region, the spin-2 polarization tensor field can be expressed as

P =
1
2

(
Q(n̂) U(n̂)
U(n̂) −Q(n̂)

)
. (1.31)

The CMB polarization field can also be written as a complex number,

P±(n̂) = |P±(n̂)|e2iα = Q(n̂)± iU(n̂) (1.32)

where the magnitude of the polarization is |P| =
(
Q2 + U2)1/2 and the polariza-

tion angle is α = (1/2) tan−1(U/Q), i.e. its orientation relative to the x axis. This
polarization field can be expanded into spin-weighted spherical harmonics, Y±2

ℓm ,
as:

P±(n̂) = Q(n̂)± iU(n̂) = ∑
ℓm

a±2,ℓm Y±2
ℓm (n̂) . (1.33)

Q and U are not rotationally invariant, since Q → Q and U → −U under parity
inversion. Therefore, one cannot write a two-point correlation function for the
polarization Stokes parameters as in the case of temperature anisotropies because
it will depend on the direction of the line connecting the two points making it
difficult to extract physical information. See [36] for further details.

Thus, we introduce E-modes and B-modes, which are polarization spin-0
quantities, and tracing the geometrical properties of the underlying fluctuations
as:

E(n̂) =
∞

∑
ℓ=2

aE
ℓ,mYℓm(n̂) (1.34)

and similarly B(n̂) mode,

B(n̂) =
∞

∑
ℓ=2

aB
ℓ,mYℓm(n̂) (1.35)

where,
aE
ℓm = (a+2,ℓm + a−2,ℓm) /2; aB

ℓm = (a+2,ℓm − a−2,ℓm) /2i . (1.36)

Where a±,ℓm are those in eq. (1.33). Therefore, the following six quantities fully
characterize the statistical properties of CMB fluctuations in harmonic space:

CTT
ℓ for temperature;

CEE
ℓ for E-modes;

CBB
ℓ for B-modes;
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CTB
ℓ , CTE

ℓ and CEB
ℓ for their cross-correlations.

Their respective power spectra are defined starting from their spherical harmonic
coefficients as: 〈(

aX
ℓm

)∗
aX′
ℓ′m′

〉
= CXX′

ℓ δℓl′δmm′ (1.37)

where X, X′ = {T, E, B}. Under parity inversion E → E, while B → −B. Since
the standard model of cosmology is parity invariant, it follows that CTB

ℓ = 0 and
CEB
ℓ = 0 for CMB and we only need to determine the remaining four quantities

shown in Figure. 1.5. The temperature and E-modes are supposed to be generated
by scalar primordial perturbations, while primordial B-modes are by tensors.

FIGURE 1.5: Comparison of theoretical predictions for the ΛCDM
model with state-of-the-art observational data [37]. CMB angular
power spectra for DTT

ℓ , DEE
ℓ , DBB

ℓ (upper panel), DTE
ℓ (middle panel),

and the lensing Cϕϕ
ℓ .

CMB is only around 10% polarized; therefore, the temperature power spectra
are several orders of magnitude greater than E-modes. Nevertheless, several
experiments have detected E-modes, such as WMAP [38], BOOMERANG [39] and
Planck collaboration [5]. Primordial B-modes, instead, because of their extremely
faint nature, are yet to be detected and targeted by several upcoming experiments,
introduced in section 1.2.1.
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1.3.3 Origin of B-modes

B-modes in the CMB polarization arise from several astrophysical and cosmologi-
cal phenomena. Below are the primary mechanisms responsible for generating
these distinctive polarization patterns:

• The primordial B-modes are generated by tensor cosmological perturbations
in the early universe. According to the Inflationary theory, the universe
expanded exponentially immediately after the Big Bang. This process is
expected to produce a stochastic background of gravitational waves at large
angular scales (low multipole ℓ ≲ 100), which would have left a specific im-
print on the polarization pattern of the CMB. The amplitude of these modes
is parametrized by the tensor-to-scalar ratio and it is directly linked to the
energy scale of inflation. The polarization spectra of the CMB are modified
as the CMB photons interact during their journey from the last scattering
surface. Reionization, in particular, reintroduces power in large-scale polar-
ization by scattering CMB photons in the late universe. This creates a distinct
feature called the reionisation bump, which appears as a peak in the CMB
B-mode spectrum at (ℓ < 20) values. During Recombination era primordial
B-modes are produced due to the interaction of primordial gravitational
waves with the photon-baryon plasma. These gravitational waves induce
quadrupolar anisotropies in the temperature of the CMB, which, through
Thomson scattering, generate a distinct pattern of polarization leading to
peaks in the power spectrum at angular scales corresponding to the horizon
size at the time of recombination.

• B-mode polarization can also originate from the gravitational lensing of the
CMB due to the intervening large-scale structures, between the last scattering
surface and us. Lensing scatters photons off their original paths, slightly
distorting the original pattern of the CMB anisotropies. In polarization, the
primary effect is the conversion of high power E-mode to lower power B-mode
[40], making it challenging to distinguish from primordial weak B-mode. This
phenomenon is known as ’BB lensing’ [41]. BB lensing has been measured
by Planck with high accuracy in harmonic spectra [42] and map domains
[43], as well as by ground-based observatories POLARBEAR [44], SPTpol
[45], and ACTPol [46].

• A B-mode pattern can also be generated by a phenomenon known as "Cosmic
birefringence" [47]. This occurs when the orientation of the linear CMB
polarization plane rotates as the photons travel through space. This rotational
effect is caused by the interaction with new fields or particles such as axions,
leading to the conversion of E-modes into B-modes.

• At first order, primordial B-mode polarization is only caused by the tensor
perturbations of the metric. However, some non-linear effects also induce
B-mode polarization, even in the absence of gravitational waves. This is
addressed with second-order perturbation theory. As discovered by [48], this
intrinsic scalar B-polarization is unlikely to interfere with future searches for
the primordial tensor B-modes.
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• Primordial magnetic fields can also contribute to CMB anisotropies through
metric perturbations and the Lorentz force felt by baryons in the pre-recombination
plasma [49]. In particular, resulting rotational velocity perturbations on the
last scattering surface of the CMB can lead to B-mode polarization patterns,
they contribute to polarization anisotropies of the order of 0.1µK − 4µK on
small angular scales 500 < ℓ < 2000 [50].

1.3.4 Future CMB experiments for detection of B-modes

Primordial B-modes offer one of the best observational windows to provide direct
evidence for cosmic inflation and to constrain inflationary models. However, due
to the lack of detection so far, improving detector sensitivities and data analysis
techniques is the main challenge towards measuring CMB polarization B-modes
to constrain r. Experiments such as BICEP2, Keck Array, and Planck have made
significant strides and have provided detailed polarization data. The Planck
satellite data combined with BICEP2 provides the tightest constraints to date on
the largest angular scale B-modes, which cannot be observed from the ground [51].
There are several CMB experiments in planning and ongoing with the scientific
goal of detecting the inflationary B-mode signal, with different frequency ranges,
angular scales, and observational time.

• Simons Observatory: It is a ground-based mission being built in Chile,
which started observations in early 2024. It aims to measure temperature and
polarization anisotropies. The observatory will include multiple telescopes
designed to observe the CMB with high sensitivity and resolution covering
a frequency range from 30 GHz to 270 GHz. The small aperture telescopes
(SATs) will target the largest angular scales observable mapping a sky fraction
of fsky = 30 − 40%, to measure the primordial tensor-to-scalar ratio r at a
target level of r ≈ 0.003. While large aperture telescopes (LATs) will provide
high angular resolution data covering 40% of the sky [20].

• CMB-S4: CMB-S4 is a next-generation ground-based experiment designed
to measure the CMB temperature and polarization at high sensitivity and
high resolution, with a sky coverage of about 40%, reaching a sensitivity of
r < 0.001, in the presence of Galactic foregrounds and gravitational lensing
of the CMB [52].

• LiteBIRD (Light satellite for the studies of B-mode polarization and Inflation
from cosmic background Radiation Detection): A Japanese-led mission set to
launch in the early 2030s. It aims to map CMB polarization at large angular
scales. LiteBIRD will observe the CMB sky in multiple frequency bands
(from 40 GHz to 400 GHz) with the satellite designed to achieve a sensitivity
sufficient to detect or constrain the tensor-to-scalar ratio r ≈ 0.001 or further
[26].

• PICO (Probe of Inflation and Cosmic Origins): A NASA mission study-
concept. It is designed to observe through 21 frequency bands ranging from
20 to 800 GHz aiming to detect or constrain r ≲ 10−4 [53].
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CMB measurements are contaminated by the emission in the microwave range
(typically between 30 and 300 GHz) from both the Galactic interstellar medium
(ISM) and extra-galactic sources, known as foregrounds, which makes it difficult
to extract cosmological information from the observed frequency maps. These
foregrounds are expected to emit polarized light, with a polarization fraction
that is often equal to or greater than the CMB, hence making separating these
components from the CMB signal essential. This is particularly important for
the B-modes of CMB polarization, which, if measurable, will be sub-dominant at
every scale and frequency. In the next chapter, we will explore the properties of
these foreground contaminants.
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Chapter 2

CMB Foregrounds

Several processes contribute to the total sky emission in the frequency range of
interest for CMB observations, typically between 30 and 300 GHz. Foreground
emission comes from the solar system, extragalactic sources, the galactic inter-
stellar medium (ISM), commonly known as diffuse Galactic emission, and from
distortions of the CMB itself through its interaction with structures in the nearby
universe. These foregrounds dominate throughout much of the sky and across
most frequencies, particularly in polarization, but they are less dominant in temper-
ature near the CMB peak frequency from 70 to 120 GHz [54]. Galactic foreground
sources include:

• Synchrotron Emission: Radiation emitted by electrons spiralling along the
Galactic magnetic field dominates at low frequencies ν ≲ 70 GHz and has
large-scale smooth structures.

• Thermal Dust: Radiation emitted by the interstellar dust grains getting
heated by the star-light dominating at frequencies from around 90 GHz.

• Free-Free Emission: Emission from the electrons scattering off ions in the
ionized regions of the Milky Way. This process contributes at frequencies
below 100 GHz. This emission has a flatter spectrum than synchrotron.

• Anomalous Microwave Emission (AME): Emission from the spinning dust
grains at microwave frequencies with a peak around 20-40 GHz. The spectral
distribution is different from thermal dust and synchrotron [55].

Their expected SEDs at microwave frequencies are shown in Figure 2.1a. Among
these processes, thermal emission from galactic dust and synchrotron radiation are
significantly linearly polarized (see section 2.1 and 2.2), while free-free emission
is generally not polarized because of the isotropic and random scattering of elec-
trons. Anomalous microwave emission is found to be very weakly polarized with
current upper bounds on polarization fraction of 1% [56]. Therefore, the focus of
the present thesis will be on the removal of the first two contaminants in CMB
polarization. Figure 2.2 shows full-sky polarization maps observed by Planck
at different frequencies contaminated by foreground emission, where Galactic
contamination is visible at all frequencies with synchrotron dominating for ν <
70 GHz and thermal dust from around 90 GHz. Galactic emission also includes
contributions from compact regions such as supernovae remnants and molecular
clouds with specific emission properties. The intensity of these emission processes
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varies across the sky, but the relative amplitudes are fairly typical. In Figure 2.1b
polarized intensity rms (root mean square) amplitude of synchrotron and thermal
dust emissions as a function of frequency are compared with the CMB rms for the
ΛCDM model, as observed by Planck. This comparison highlights that the CMB
signal is sub-dominant at all frequency channels of the Planck mission1 with the
contamination being minimal around ν ≈ 100 GHz. Thus, modelling synchrotron
and dust emissions is important to determine the level of contamination to CMB.
This also enables the magnetic field to be traced over the entire Galaxy.

Extra-galactic objects emit via several different mechanisms, each having its
own spectral energy distribution and polarization properties.

• Sunyaev-Zel’dovich Effect: CMB photons interact with hot electrons in
galaxy clusters, resulting in a distinctive spectral distortion, which is null at
around 217 GHz [57].

• Infrared Point Sources: Infrared radiation at high frequencies above 100
GHz from distant galaxies including star-forming galaxies.

• Radio Point Sources: Emission from the radio wave emitting galaxies, AGN
and star-forming galaxies contribute over a broad range of frequencies.

The Sunyaev-Zel’dovich effect generally lacks polarization, while infrared point
sources can show polarization, especially because of magnetic field arrangements.
Radio point sources frequently display polarization, mainly resulting from syn-
chrotron radiation emitted by relativistic jets and their associated magnetic fields.

(A) (B)

FIGURE 2.1: CMB and Galactic foregrounds spectral energy distri-
bution in temperature (A) and polarization (B). In both figures, grey

bands correspond to the Planck frequency channels [58].

1From 2009 to 2013, the Planck satellite conducted a comprehensive survey of the entire sky in
nine frequency bands ranging from 30 GHz to 857 GHz, providing the best maps to date of the
CMB emission. 353 GHz is the highest-frequency polarization channel.
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FIGURE 2.2: Full sky polarization maps are shown for seven Planck
frequency channels. Polarization intensity P is defined as P =√

Q2 + U2 shown in the last column.
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2.1 Synchrotron Emission

Polarized synchrotron radiation is generated by Cosmic Ray (CR) electrons as they
accelerate along the galactic magnetic field. As these electrons spiral around the
magnetic field lines, they emit highly anisotropic radiation, which is polarized
perpendicular to the direction of acceleration and the magnetic field’s direction.
This emission is naturally partially linearly polarized up to 70-75% [35].

Synchrotron emission is related to the CR energy density distribution, which
follows a power law with an electron-energy distribution index p: n(E) ∝ E−p. It
also depends on the strength of the magnetic field, B, which can vary across the
Galaxy, resulting in different spectral behaviour for the synchrotron emission. The
synchrotron spectrum can be approximated by a power law over a wide range of
frequencies as:

Is(n̂, ν) = As(n̂) ·
(

ν

νs

)βs

, (2.1)

where βs is known as the spectral index. For synchrotron radiation, this spectral in-
dex is typically constant over a large range of frequencies [35]. As(n̂) ∝ B(n̂)(p+1)/2

is the synchrotron intensity measured at frequency νs in the n̂ direction and spectral
index is related to p:

βs = − (p + 3)
2

. (2.2)

It typically has a value of −2.7 at 22 MHz. The spectral index derived by [7] using
the WMAP data shows a steepening of the spectral index around 20 GHz with
βs = −3, which is consistent with the spectral index βs = −3 ± 0.06 derived by
[59], a re-analysis of the WMAP data using a different technique. Synchrotron
polarization fraction for electron density following a power law of index p is given
as [35]:

Π =
3(p + 1)
3p + 7

. (2.3)

Current measurements show variations in the observed polarization fraction from
about 10% near the galactic plane, to 10-40% at intermediate to high galactic lati-
tudes [60, 61]. The degree of polarization changes slowly with small variations in
p. So, the intrinsic synchrotron polarization level should be almost constant across
the entire sky. However, geometric depolarization occurs because of changes in the
polarization angle along the line of sight, causing partial cancellation of polariza-
tion when emissions with orthogonal polarization directions overlap. Synchrotron
SED can be parameterized as a simple power law in brightness temperature [62].
However, variations in the energy distribution of electrons can cause the SED to
deviate from a straight power law, resulting in a curved shape. Thus, a general
model for synchrotron emission can be written to also take into account the spatial
variations of the spectral index with a curvature parameter Cs:

Is(n̂, ν) = As(n̂) ·
(

ν

νs

)βs+Cs log ν
νcs

. (2.4)

A default synchrotron emission intensity template at 408 MHz has been provided
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by Haslam et al. (1982) [63], who combined sky surveys at 1.4 GHz [64], 2.3 GHz
[65], and other studies [66, 67] to derive nearly full-sky spectral index maps. Figure
2.3 shows a polarized intensity emission of synchrotron radiations at 30 GHz. This
map shows the strong intensity of the synchrotron in the Galactic plane, as well as
the North Galactic spurs, as observed by Planck [58].

PComm
s

10 300µKRJ at 30 GHz

FIGURE 2.3: Synchrotron polarization intensity map observed by
Planck at a frequency of 30 GHz with a resolution of 40’ FWHM.

Analysis of data from (All Sky Survey) S-PASS and WMAP shows that the spec-
tral index of polarized synchrotron emissions, βs, changes with Galactic latitude,
becoming steeper from around 2.8 at low latitudes to 3.3 at high latitudes [68].
This change is likely due to depolarization effects at lower latitudes. Furthermore,
there is a slight flattening of the spectral index at higher frequencies, though this
comes with significant uncertainty. These spatial variations highlight the need for
accurate modelling of synchrotron foregrounds in CMB analysis.

2.2 Thermal Dust

The ISM dust grains emit polarized thermal radiation at far-infrared and sub-
millimetre wavelengths when they are heated by absorbing interstellar radiations.
Dust grains are composed of graphites, silicates, and polyaromatic hydrocarbons
(PAH), and they have their dipole moment which gets oriented along the direction
of the local galactic magnetic field. Therefore, the dust grains’ longest axis becomes
aligned at right angles to the magnetic field lines, resulting in radiation being
predominantly emitted along this axis. This alignment happens due to the torques
exerted by the magnetic field on the dust grains, causing their longest axis to align
perpendicular to the magnetic field lines. We can model the thermal emission from
these grains using a modified black body (MBB) with emissivity ϵν = κνBν(Td),
where the absorption coefficient κν depends on the properties of the dust grains
[69]:

Id(n̂, ν) = Ad (n̂, νd) ·
(

ν

νd

)βd(n̂)
· Bν (Td(n̂))

Bνd (Td(n̂))
, (2.5)

where Bν(T) is the black-body spectrum, βd is the dust spectral index, Td is the
dust temperature, and Ad (n̂, νd) represents the amplitude at a reference frequency
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νd along direction n̂. The average temperature is Td ≈ 19 K and index βd ≈ 1.6
[43].

The polarization of thermal dust emission is a direct consequence of the align-
ment of dust grains with the galactic magnetic field, resulting in partial polariza-
tion of the emitted radiation. Polarization of starlight by aspherical dust grains
suggests a partial alignment of elongated grains with the galactic magnetic field
[70]. The alignment level varies depending on the dust grain size. Superposition
of multiple magnetic field orientations and dust clouds with different SEDs along
the line of sight modify the overall SED of observed dust emission.

PComm
d

3 300uKRJ at 353 GHz

FIGURE 2.4: Dust polarization intensity map observed by Planck at a
frequency of 353 GHz with a resolution of 5’.

The Planck satellite measured polarization fractions across the sky, with aver-
age values of around 10% at high latitudes, whereas at intermediate latitudes it can
reach approximately ∼ 20% [71]. Regions with lower intensity, typically exhibit
higher polarization fractions. Conversely, areas with higher density, such as the
Galactic plane, often have reduced polarization fractions as a result of line-of-sight
depolarization [72]. The distribution of polarized thermal dust emission over the
sky is shown in Figure 2.4, as observed by Planck.

The thermal dust emission spectral index, βd, exhibits spatial variation, af-
fected by factors like local dust grain characteristics and environmental conditions.
Existing data has been unable to tightly constrain this variation. According to
[73], the dust spectral index can vary with Galactic latitude and dust density,
indicating variations in dust temperature and composition. Specifically, βd tends
to increase in regions with higher dust column density or different dust grain
sizes, leading to distinct emission characteristics across the sky. These variations
underscore the importance of considering spatially dependent spectral indices
when modelling foreground emissions for cosmological observations. To account
for this variability different dust models have been proposed in the literature, in
particular multi-component models with different dust temperatures which are in
agreement with current observations.
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FIGURE 2.5: SED of the synchrotron and thermal dust emission
compared with the expected rms amplitude of primordial B-modes.

(Figure courtesy of Alessandro Carones.)

The amplitude of the primordial B-mode signal is expected to be less than 1%
of the foreground emission, making its extraction quite challenging. The Galactic
foregrounds consistently overshadow the signal at all frequencies. Hence, devel-
oping methods for foreground subtraction has become increasingly important.
Various techniques have been utilized, such as analyzing data at different frequen-
cies and studying the frequency dependence of astrophysical emission laws. In
Chapter 4, we will outline some of the component separation methods adopted in
this thesis work to isolate the primordial B-mode signal.
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Chapter 3

Simulated Data Framework

This chapter describes the methodology and processes used to simulate the maps
and datasets that are used for the analysis presented in the thesis. To simulate
full-sky Galactic foreground emission, we have utilized a Python package called
PySM3 (Python Sky Model) 1 [74]. Polarized extragalactic sources are excluded
because they are anticipated to be significant at angular scales smaller than those
primarily relevant for inflationary B-mode signals (ℓ > 100) [75].

3.1 CMB and Foreground Maps

Input CMB

In the analysis conducted for this thesis work, we have used the theoretical
power spectrum obtained assuming the best-fit ΛCDM cosmological parame-
ters as inferred by Planck’s 2018 analysis. The CMB anisotropies are assumed to
be Gaussian distributed with the harmonic variance given by the power spectrum
Cℓ =

〈∣∣aCMB
ℓm

∣∣2〉. The CMB theoretical power spectrum is computed with CAMB 2

with a tensor-to-scalar ratio r = 0 (no primordial gravitational waves). Input CMB
maps are then generated from the theoretical power spectrum using the snyfast
function of the Healpy3 package.

Synchrotron Models

The WMAP map at a reference frequency of 23 GHz is taken as a template of the
synchrotron emission [76]. Then, it is extrapolated at other frequencies according
to the following models:

1. Model s0: It follows a power law with βs = −3.

2. Model s1: A frequency independent but spatially varying βs is assumed.
The spectral index map was derived by combining the Haslam 408 MHz
data with the 7-year WMAP 23 GHz data [77].

3. Model s3: This model accounts for spatial variations and the curvature of βs
above a certain frequency νc, given as βs + Cs ln (ν/νc). Here, βs is the same

1https://github.com/galsci/pysm
2Code for Anisotropies in the Microwave Background
3https://healpy.readthedocs.io/en/latest/
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as the one used in model s1, and the curvature parameter Cs has a constant
value of 0.052 with νc = 23 GHz as found by [78]. Figure 3.1a shows the
simulated s3 polarization intensity map at 30 GHz.

Both the template and spectral index map have an intrinsic resolution of FWHM 5
degrees due to the limiting sensitivity of the experiments from which they have
been estimated, and then Gaussian fluctuations are added at smaller scales by
extrapolating the power spectrum.

(A) (B)

FIGURE 3.1: Polarization intensity template maps simulated with
PySM3 are shown for synchrotron (left) and dust (right).

Dust Models

The reference dust emission template is the Planck observed sky at 353 GHz and
then extrapolated at other frequencies according to the following models:

1. Model d0: a MBB with βd = 1.54 and Td = 20 K constant across the sky.

2. Model d1: a MBB with βd and Td which vary across the sky. These parameters
are derived from the Planck data using the Commander code [79]. Figure
3.1a shows the simulated d1 polarization intensity map at 353 GHz.

3. Model d4: a generalization of model d1 to multiple dust populations. This
option utilizes the two-component model from [80]. In this case, the spectral
index maps are assumed constant across the sky.

4. Model d7: physical dust model developed by Hensley and Draine in 2017
[81].

5. Model d12: 3D polarized dust emission model, where total dust emission is
obtained by co-adding emission from different layers of dust, each of them
assuming a MBB [82].

In polarization, all the above models are developed to match the 353 GHz Planck
data which is dominated by thermal dust.
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3.2 Beam Correction

In CMB observations the finite resolution of a telescope impacts the measurement
of the CMB’s angular power spectrum. The angular resolution of a telescope
can be approximated by a Gaussian axisymmetric profile characterized by its full
width at half maximum (FWHM). This limited resolution has a significant impact
at small angular scales, as features smaller than the telescope’s resolution are
smoothed out and cannot be accurately measured. This effect is described by the
beam transfer function in harmonic space:

bℓ = exp

(
−
ℓ(ℓ+ 1)σ2

b
2

)
, (3.1)

where σb represents the beam width related to FWHM by:

σb =
FWHM√

8 ln 2
. (3.2)

For this work, simulated CMB and foreground signals of each frequency map of
a given experiment are convolved with a beam whose FWHM is reported in the
tables of section 3.5. Afterwards, all the input maps (including noise, as described
in section 3.4) are brought to a common resolution of 70 arcmin. This is required
for the component separation analysis we are going to perform (see section 4.2).
Then, the observed power spectrum Cobs

ℓ is the one convolved with the beam
response:

Cobs
ℓ = b2

ℓCtrue
ℓ . (3.3)

Therefore, the true power spectrum can be derived by dividing the observed one
by the squared beam transfer function:

Ctrue
ℓ =

Cobs
ℓ

b2
ℓ

. (3.4)

3.3 Thermodynamic Units

PySM by default generates sky emission maps in Rayleigh-Jeans units. Using RJ
units is useful in the microwave range, especially when analyzing the CMB and
foreground emissions. However, at higher frequencies where the RJ approxima-
tion no longer applies, it is necessary to convert RJ units into thermodynamic
temperature (CMB) units before implementing separation methods to accurately
interpret the data within the context of the full Planck satellite frequency coverage,
as CMB spectrum is flat in those units. In the RJ limit, where hν ≪ kBT, the
spectral radiance I can be approximated as:

I ≈ 2ν2kBT
c2 , (3.5)
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we invert this formula to find the RJ temperature TRJ from the spectral radiance:

TRJ =
c2 I

2ν2kB
. (3.6)

For small deviations from the average temperature of the CMB, of the CMB,
the relationship between changes in the CMB thermodynamic temperature and
changes in the RJ temperature is given by:

dTCMB =
x2ex

(ex − 1)2 dTRJ , (3.7)

where x = hν
kBT .

3.4 Simulated Noise

The analyses presented in this thesis use two types of simulated noise models,
to account for the instrumental noise for the relevant experiments. The first type
represents the isotropic Gaussian, white noise, uncorrelated among pixels and
frequencies. In each pixel, noise is sampled from a Gaussian distribution with
dispersion σb, which is estimated from the ratio of sensitivity values given in the
tables in section 3.5 and the linear size of the pixel in arcmins. The noise maps are
then smoothed by an effective kernel according to the following formulae:
1. When FWHMin ≤ FWHMout:

bℓ = exp

−ℓ(ℓ+ 1)
2


√

FWHM2
out − FWHM2

in√
8 ln 2

2 (3.8)

2. When FWHMin > FWHMout:

bℓ =
1

exp

(
− ℓ(ℓ+1)

2

(√
FWHM2

in−FWHM2
out√

8 ln 2

)2
) (3.9)

where FWHMin is the resolution of frequency channels given in tables of section
3.5. Multi-frequency maps need to be brought at a common target resolution
(FWHMout) before being processed by some of the component separation pipelines
as those considered in this thesis work. Therefore, also the noise is smoothed
accordingly with the procedure described above and then combined with input
signal maps.

The second category of simulated maps, incorporates more realistic noise
property assumptions [20]. Specifically, these maps include non-white noise
components, like 1/ f noise, which are responsible for the loss of large-scale modes
due to filtering required to reduce the impact of atmospheric contamination. The
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noise power spectrum Nℓ is estimated as:

Nℓ = Nw(ℓ)

[
1 +

(
ℓ

ℓknee

)αknee
]

, (3.10)

where Nw is the baseline white noise and can be derived from the sensitivity
values of the tables of section 3.5. αknee and ℓknee characterise the contribution
from 1/ f . αknee ranges from -3.0 to -2.4. ℓknee is the angular scale above which the
contribution from 1/ f is dominant. The characteristic multipole ℓknee lies between
15 and 40 for this noise model of the SATs polarization experiment [20]. This
model aims to capture key features of the SO noise environment, as large angular
scales suffer from contamination by 1/ f noise at low frequencies in the detector
time stream, primarily due to atmospheric and electronic noise.

3.5 Simulated Data-sets

In the present thesis work, we have simulated realistic sky maps using the speci-
fications and anticipated observational capabilities of the SO [20], LiteBIRD [26]
and also Planck [37]. We start by testing component separation methods for B-
modes on simulated Planck data and then we focus on the ongoing SO experiment.
However, we also consider the impact of including in the analysis of this experi-
ment high-frequency data that cannot be mapped from the ground but can only
be obtained from space missions, and we consider the addition of data already
available from Planck at 353 GHz and future data from LiteBIRD:

• Planck (PL):

Frequency (GHz) 30 44 70 100 143 217 353
FWHM (arcmin) 32.29 27.94 13.08 9.66 7.22 4.90 4.92

Sensitivity (µK arcmin) 210 240 300 118 70.2 105 439

TABLE 3.1: Instrumental characteristics of Planck mission observa-
tion channels used for the data analysis

• SO:

Frequency (GHz) 27 39 93 145 225 280
FWHM (arcmin) 91 63 30 13 17 11

Sensitivity (µK arcmin) 49.5 29.7 3.7 4.7 8.9 22.6

TABLE 3.2: Experimental configuration for the Simons Observatory
(SO) simulated data set

• SO with the addition of the last two highest frequency channels of LiteBIRD
(SL):

• SO with the addition of the Planck’s highest frequency channel in polariza-
tion (SP):
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Frequency (GHz) 27 39 93 145 225 280 337 402
FWHM (arcmin) 91 63 30 13 17 11 20.9 17.9

Sensitivity (µK arcmin) 49.5 29.7 3.7 4.7 8.9 22.6 21.95 47.45

TABLE 3.3: Experimental configuration for the SL

Frequency (GHz) 27 39 93 145 225 280 353
FWHM (arcmin) 91 63 30 13 17 11 4.92

Sensitivity (µK arcmin) 49.5 29.7 3.7 4.7 8.9 22.6 439

TABLE 3.4: Experimental configuration for the SP

Each simulated frequency map is obtained by adding the CMB and foreground
maps, smoothed with the corresponding Gaussian beam, with instrumental noise,
as described in previous sections. All the maps are simulated using the HEALPix
[83] (Hierarchical Equal Area isoLatitude Pixelation)4 pixelization scheme with a
resolution parameter of nside = 128, corresponding to a pixel resolution of 27.50
arcmin and a maximum multipole moment lmax=2×nside. Since we are targeting
primordial B-modes for which the expected signal is confined at ℓ < 100, this
resolution is adequate to capture all the relevant scales.

These simulations provide a realistic representation of future data. Component
separation methods, essential for isolating the primordial B-mode signal from
other sources with polarized emission are applied to these simulated datasets
allowing the testing and refinement of these techniques in preparation for the anal-
ysis of actual data from these experiments. The results demonstrate the potential
effectiveness of these techniques in identifying the faint B-mode signal amidst the
dominant foregrounds, thus contributing to the advancement of methodologies
in CMB analysis. In the next chapter, different component separation techniques
used in this thesis to separate the CMB signal from the observational data are
discussed.

4https://healpix.sourceforge.io/
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Chapter 4

Component Separation Methods

4.1 Introduction

Component separation in CMB data analysis consists of distinguishing the CMB
signal from various foreground emissions. This can be challenging because the
CMB signal is subdominant compared to the foreground emission, making it
difficult to cleanly extract this signal. Nevertheless, this can be done because the
CMB radiation has a nearly perfect blackbody spectrum, which means Planck’s law
can precisely predict its intensity at different frequencies. The non-cosmological
signals such as synchrotron and thermal dust emission have non-thermal spectra
with varying frequency dependence. Collecting observations at several frequencies
makes disentangling the CMB from foregrounds possible by tracing their spectral
properties across the sky.

This explains why all CMB experiments observe the sky in multiple frequency
bands. For example, the space missions to date have been:

• COBE-DMR (Cosmic Background Explorer - Differential Microwave Radio-
meters): Utilized three frequency bands between 31 and 90 GHz [84].

• WMAP (Wilkinson Microwave Anisotropy Probe): Designed with five
frequency bands between 23 and 94 GHz for improved extraction of the
CMB from foreground emission [7].

• Planck: Operated with nine frequency bands ranging from 30 to 857 GHz,
providing improved component separation and better tracing of dust emis-
sion [85].

Various techniques have been used to extract the CMB signal based on different
assumptions. Some adopt an empirical modelling of the foreground SEDs across
the sky. They are known as parametric methods and include Commander [86],
FGBuster [87] and others [88]. Alternative approaches do not assume models of
the foreground emissions. Among these, there is the template fitting [89, 90] and
Internal Linear Combination (ILC) [91, 92, 93, 94]. The latter consists of removing
foreground contamination by means of statistics and is the method we are going to
specifically investigate in this thesis. This approach has been adopted to extract the
CMB signal from the multifrequency data for WMAP [7] and Planck [90]. In table
4.1, we have summarized various algorithms and methods used for component
separation in CMB data analysis.
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Class Methods/Algorithms Description
Linear Combination Methods Internal Linear Combi-

nation (ILC)
Combine different frequency maps
to minimize output variance and by
preserving the full blackbody signal.
Used for WMAP and Planck data
analysis [89, 90].

Needlet ILC (NILC) Apply ILC in the needlet (wavelet)
domain to improve subtraction of
contaminants locally in pixel space
and at different angular scales. Used
for Planck data analysis [95].

Template-based methods Template fitting Subtract templates of foreground
components derived from observed
data. Used for WMAP and Planck
data analysis [89, 90].

Blind Source Separation Independent Compo-
nent Analysis (ICA)

Separate mixed signals into statisti-
cally independent components with-
out prior knowledge of their prop-
erties. Used for WMAP and Planck
data analysis [96, 97].

FastICA The independent component anal-
ysis that effectively separates inde-
pendent sources by maximizing non-
Gaussianity, making it ideal for sep-
arating Gaussian CMB from non-
Gaussian foregrounds. Used for
WMAP and Planck data analysis
[98].

Spectral Matching
Independent Com-
ponent Analysis
(SMICA)

Extract the CMB signal by using
maximum likelihood to separate
sources in the harmonic domain,
combining spectral and spatial in-
formation to isolate the CMB from
foregrounds. Used for Planck data
analysis [99].

Bayesian Methods Bayesian Component
Separation (e.g., Com-
mander)

Use Bayesian inference to model and
separate CMB and foregrounds, in-
corporating prior information. Used
for Planck data analysis [100, 90].

Entropy-Based Methods FastMEM A harmonic space maximum en-
tropy method that estimates compo-
nent maps by employing frequency
scaling models and external power
spectra. Used for earlier CMB exper-
iments and some Planck data [101].

TABLE 4.1: Different component separation algorithms used for CMB
data analysis
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4.2 Internal Linear Combination (ILC)

ILC is a blind component separation method that does not make any prior assump-
tions about the frequency dependence or spatial properties of the foregrounds. It
combines multifrequency maps linearly using a set of weights to minimize the
variance of the final map while maintaining a unit response to the CMB. This tech-
nique is easy to implement and computationally inexpensive. The ILC technique
is based on two fundamental assumptions:

1. CMB has a black-body spectrum,

2. CMB fluctuations are uncorrelated with the foreground signals.

The observed sky Xi at frequency νi is composed of CMB component XCMB,
foregrounds Xi

f , and instrumental noise ni:

Xi = XCMB + X f
i + ni . (4.1)

We are assuming CMB to be frequency independent, this holds only in thermody-
namic units. Using ILC, the CMB signal can be re-constructed as:

X̂ILC =
Nν

∑
i=1

ωi · Xi =
Nν

∑
i=1

ωi · (XCMB + X f
i + ni), (4.2)

where the summation is over the number of frequency channels Nν and ωi is a
set of coefficients estimated by minimizing the variance of the final map while
retaining the full CMB signal. All input maps must be smoothed to match the
beam of the channel with the lowest angular resolution. Maintaining consistent
resolution across all input maps in ILC is essential, as the method relies on the
assumption of a frequency-independent CMB signal, requiring uniform smoothing
and scaling. Since CMB is independent of the frequency in thermodynamics (i.e.
CMB) units, we impose that:

Nν

∑
i=1

ωi = 1 (4.3)

which results in:

X̂ILC = XCMB +
Nν

∑
i=1

ωi · (X f
i + ni). (4.4)

Then, the variance of the final map can be computed by imposing statistical
independence of the CMB component from foregrounds and noise:

Var(X̂ILC) = Var (XCMB) + Var

Nνi

∑
i=1

wi(X f
i + ni)

 (4.5)

Var(X̂ILC) =
〈

X̂2
ILC(p)

〉
−
〈

X̂ILC(p)
〉2

= ωTCω, (4.6)

where the <> brackets denote the average over all pixels p in the map, ω is a
column vector with all the coefficients ωi, and the covariance matrix C can be
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expressed as:
Cij =

〈
Xi(p)Xj(p)

〉
− ⟨Xi(p)⟩

〈
Xj(p)

〉
, (4.7)

where ij runs over all the frequency channels. To derive the set of coefficients
which preserves the CMB signal and minimizes the output variance, we use the
method of Lagrange multipliers [92]:(

2C −1
1T 0

)(
ω
λ

)
=

(
0
1

)
(4.8)

where λ is the Lagrange multiplier, and 1 and 0 denote column arrays of ones
and zeros, respectively. The coefficients of the linear combination are finally
determined as:

ωi =
∑Nν

j=1 C−1
ij

∑Nν
i,j=1 C−1

ij

. (4.9)

If the properties of the foregrounds vary significantly across the sky due to spatially
dependent spectral indexes, the ILC method may not be the optimal approach. In
such a case, to improve the performance of the method, the sky can be divided
into different patches and a separate set of weights for each patch can be estimated
[89]. Afterwards, the total map is constructed by combining all these individual
results.

An alternative approach to this minimization is applying it in harmonic space,
referred to as HILC [102]. This method operates on spherical harmonic coefficients
rather than pixel values, enhancing the effectiveness of foreground removal. How-
ever, it does not account for the fact that noise is the dominant source of CMB
measurement error at high galactic latitudes, while foreground signals dominate
at low galactic latitudes. Conversely, the ILC in pixel space does not consider that
noise predominates at high angular frequency (small scales) while foreground
emission dominates on large scales. This problem requires a refined version of the
ILC introduced in the next section.

4.3 Needlet Internal Linear Combination (NILC)

NILC performs variance minimization locally both in pixel and multipole space.
To do so, it employs needlets, a specific type of spherical wavelets [103] (dis-
cussed in [104, 105]), for component separation in pixel and harmonic space. The
multi-frequency maps are filtered using these wavelets and then they are linearly
combined to obtain a minimum variance solution at the different needlet scales.
Needlets enable localized filtering in both pixel and harmonic space. This means
that the linear combination weights can adjust to local conditions of foreground
and noise contamination in the pixel domain while prioritizing foreground re-
moval at large angular scales and noise subtraction on smaller ones. The weights
can vary smoothly on large scales and rapidly on small scales using needlets.
This would not be possible by dividing the sky into patches in the standard ILC
pipeline [106].
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A set of filters, also known as the needlet harmonic windows bj(ℓ), is defined
over a range of multipoles ℓ serving for localization in the harmonic space, such
that:

∞

∑
j=1

[
b(ℓ/Bj)

]2
= 1, (4.10)

where j specifies the needlet scale and B is a fixed parameter (usually ranging
between 1 and 2) which sets the width of the wavelet. Spherical needlets in the
real domain can be derived from bj(ℓ)

1 as:

Ψjk(n̂) =
√

λjk

ℓmax

∑
ℓ=0

ℓ

∑
m=−ℓ

bj(ℓ)Y∗
ℓm(n̂)Yℓm(ξ̂ jk) . (4.11)

The set of points
{

ξ jk
}

represents cubature points on the sphere for the scale
j. These points in pixel space correspond to the pixel centres in the HEALPix
pixelization scheme. Each index k corresponds to a specific HEALPix pixel at a
resolution parameter nside, which may vary for each needlet scale j. The weights
λjk are inversely proportional to the number Nj of pixels used for the needlet
decomposition, i.e., λjk =

4π
Nj

. The input field X(n̂) can be decomposed in the Ψjk

basis. The coefficients of this expansion, β jk, are called needlet coefficients:

βX
jk =

∫
S2

X(n̂)Ψjk(n̂)dΩn̂ =
√

λjk

ℓmax

∑
ℓ=0

ℓ

∑
m=−ℓ

bj(ℓ)XℓmYℓm(ξ̂ jk) . (4.12)

The needlet decomposition is linear. Therefore, the needlet coefficients βX
jk, which

are derived from the harmonic coefficients aX
ℓm, can be expressed as a linear combi-

nation of the needlet coefficients of the different components (CMB, foregrounds
and noise) at HEALPix pixel centre ξ jk:

βX
jk = βCMB

jk + βf
jk + βn

jk . (4.13)

In practice, the needlet coefficients of a map X(νi) at scale j and pixel k are obtained,
by applying the needlet filter bj(ℓ) on its harmonic coefficients aX

ℓm(νi) :

βX
jk(νi) = ∑

ℓ,m
aX
ℓm(νi) · bj(ℓ) · Yℓm(ξ jk) . (4.14)

The input needlet coefficients maps are then linearly combined in such a way as to
obtain a minimum-variance map βNILC

j on each scale j :

βNILC
jk = ∑

i
wi,jkβX

i,jk = ∑
ℓ,m

aNILC
ℓm · Yℓm(ξ jk), (4.15)

wi,jk are the weights of the combined input signal. The NILC method constructs a
weighted sum of needlet coefficients at different frequencies ν. The variance of the

1bj(ℓ) = b(ℓ/Bj)
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combined map is given by:

Var(βNILC
jk ) = ∑

ν,ν′
wν,jkwν′,jkCov(βν,jk, βν′,jk) (4.16)

= wT
jkCjkwjk . (4.17)

The solution to this minimization problem is given by:

wjk =
C−1

jk e

eTC−1
jk e

(4.18)

with C being the covariance matrix of multifrequency needlet coefficients and e
a vector of ones in the case of maps in CMB temperature units. The final NILC
map is then reconstructed by filtering again the harmonic coefficients aNILC

ℓm,j and
summing them all for each ℓ and m :

XNILC(n̂) = ∑
ℓ,m

aNILC
ℓm · Yℓm(n̂) = ∑

ℓ,m

(
∑

j
aNILC
ℓm,j · bj(ℓ)

)
· Yℓm (n̂). (4.19)

Minimizing the variance (and hence the contamination) separately on different
needlet scales leads to more effective cleaning because it allows the method to
account for the distinct characteristics of foreground contamination across various
angular and spatial scales.

Different kinds of needlets exist in the literature. The standard needlets, first
introduced in Narcowich et al. (2006) [103], are constructed using filter functions
that enable good localization in both spatial and harmonic domains providing
compact support in the harmonic space. On the other hand, mexican needlets,
also known as Mexican hat [107] wavelets, are another specific type of needlet
that utilizes a Gaussian window function to achieve better localization properties.
They offer improved spatial localization compared to standard needlets. Another
type of bases includes cosine-shaped needlets [108, 58], where a cosine function
modulates the window function to ensure localization in both frequency and pixel
space.

4.3.1 NILC Bias

When estimating the covariance matrix within a limited domain, the NILC method
can introduce a bias in the reconstructed CMB B-mode map [109]. This bias is a
result of spurious empirical correlations between the CMB modes and residual
contaminants. These correlations can distort the recovered CMB signal, potentially
leading to a negative bias and a loss of power in the reconstructed CMB angular
power spectrum, especially on the largest scales.

The physical quantity of interest is the power spectrum of the cleaned map,
CBB,out
ℓ . This is given by:

Cout
ℓ = Ccmb

ℓ + Cfgds
ℓ + Cnoise

ℓ + 2 · Cc−f
ℓ + 2 · Cc−n

ℓ + 2 · Cn−f
ℓ , (4.20)
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where the first three terms are the angular power spectra of CMB, residuals
of foregrounds and noise, while the other terms represent the corresponding
correlations among these components. An inaccurate estimate of the covariance
switches the correlation terms on. To decrease the statistical uncertainty on large
angular scales one can measure the covariance across a sufficiently large region
with enough modes to ensure that random fluctuations do not influence the
covariance matrix estimation. To do so, multiple Needlet bands are combined at
low multipoles:

bnew (ℓ) =

√√√√ jmax

∑
j=jmin

b2
j (ℓ), (4.21)

to sample additional modes. If NILC is correctly implemented, the correlation
terms should be very low, and the CMB should be well reconstructed. Then the
bias in the final map can be computed as:

Cbias
ℓ = Cout

ℓ − Ccmb
ℓ − Cfgds

ℓ − Cnoise
ℓ (4.22)

and includes all the cross-correlation terms. This bias should be approximately
zero across all angular scales. In the following thesis, we assess the level of bias in
our analysis by leveraging a series of simulated skies, each incorporating a distinct
CMB and instrumental noise realization. The bias is computed using eq. (4.22)
from the averaged NILC outputs. The uncertainty associated with the average of
the bias spectra can be obtained by dividing the standard deviation of the bias
angular power spectra across different CMB reconstructions by the square root of

the number of simulations, given by σ(Cbias
ℓ )√

Nsims
[110].

4.4 Multi-Clustering Approach

As mentioned in Section 4.3, the blind NILC technique is particularly valuable
for isolating the weak primordial B-mode signal. However, spatial variation
in foreground spectral parameters presents a challenge for NILC in effectively
eliminating Galactic contamination. To mitigate this issue, we employ an extension
of the NILC technique: the Multi-Clustering NILC (MC-NILC) [111]. This method
improves the NILC framework by performing independent variance minimization
on different sky regions (clusters or patches) that are specifically chosen to have
similar spectral characteristics of B-mode Galactic emission within them.
To implement the MC-NILC pipeline, we need to concentrate on analyzing two
aspects:

• Build a blind tracer map to track the spectral properties of the Galactic
foreground in B-modes.

• Select an appropriate clustering method to group pixels with similar tracer
values into the same patch.
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Foregrounds Tracer

As originally proposed in [111], in B-modes, the spectral properties of dust and
synchrotron emissions can be blindly traced by computing a ratio of B-mode
maps at two separate frequencies. These maps are selected to ensure that the
spectral dependencies of dust and synchrotron are fully embraced across the entire
frequency range of the experiment. To a first approximation, this ratio can be

seen as a map of (ν1/ν2)
bB

e f f , where ν1 and ν2 refer to the selected frequencies and
bB

e f f denotes the effective spectral index of B-modes foreground emission when
modelled using a power-law.

It is preferable to use B-mode maps in the ratio rather than Q and U maps or
their corresponding spectral indices, as the spatial distribution of Q and U spectral
properties varies significantly from those of B-modes due to the non-local nature
of the QU-B transformation.

To assess the effectiveness of the approach, two distinct cases can be considered:

1. Ideal case: where a distinct ratio is computed for each needlet scale j. The
needlet coefficients are extracted from ’noiseless’ foreground simulations at
two different frequencies.

2. Realitic case: where a single ratio is applied across all needlet scales, con-
structed from templates (estimated from the input data) of foreground B
modes at two different frequencies. These templates are filtered with the
first needlet band b0 to reduce the more significant contamination from the
CMB and noise at smaller angular scales.

Clustering Approach

Once a tracer of the B-mode foreground spectral properties is constructed, we
proceed by partitioning the sky into different patches that group pixels with similar
values of this tracer. This clustering is achieved by applying thresholding to the
histogram of the selected ratio.

In [111], the thresholding process is executed through two distinct approaches:

• Clusters of Equal Area (CEA): In this approach, the sky is divided into
clusters all with the same area. Specifically, the clusters are defined to
include subsets of Np/K pixels, where Np represents the total number of
pixels, and K is the predetermined number of clusters. These clusters are
organized such that they encompass pixels with progressively increasing
values of the tracer ratio. This method ensures that each cluster covers an
equal portion of the sky, facilitating a balanced comparison across regions.

• Random Partitions (RP): In this method, multiple different partitions of
the sky are generated. Each partition consists of clusters with a random
number of pixels leading to clusters of varying sizes. The pixels within each
cluster are chosen to have the nearest possible values of the tracer, preserving
foreground information. Unlike the CEA method, the RP approach does not
enforce uniformity in a cluster area, allowing for a diverse set of partitions
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that can capture a wider range of variability in the foreground spectral
properties.

In this work, we only consider the ideal approach to building a tracer map and
utilize partitions of equal area.

4.5 Assessment of Pipeline Performance

To assess how well the component separation techniques perform, we estimate
the level of residual contamination from foregrounds and noise separately on the
’cleaned’ output CMB B-mode maps.

4.5.1 Residuals

Following [110], for each simulated multifrequency dataset, we estimate the fore-
ground in the cleaned CMB map using eq. (4.18). The weights wi of the solution
are then used to combine the noise-only and foreground-only muti-frequency
simulations to derive the residuals associated to the cleaned map. For each compo-
nent separation approach, we will study the average power spectrum of residuals
across all the simulations.

4.5.2 Likelihood Analysis

After applying component separation, we obtain a cleaned CMB map. To deduce
cosmology from this map, assuming the field is Gaussian and undergoing linear
evolution (as with the CMB), we can estimate the angular power spectrum of the
map and fit a cosmological model to it. For primordial B-modes, the amplitude
of the power spectrum depends solely on r, enabling us to constrain r for each
simulated map.

In this thesis to do so, we estimate the likelihood of the ’observed’ spectrum
given a model which quantifies how well the observed binned spectrum matches
the model spectrum for a given value of the parameter r. Specifically, we assume
a Gaussian likelihood approximation [112]. This approximation introduces some
information loss, but we bin the power spectrum (averaging over multiple multi-
poles) to mitigate this issue. According to the central limit theorem such averaging
leads to a Gaussian distribution [113]. The log-likelihood is defined as:

−2 logL(r) = ∑
ℓbℓ

′
b

(
Cout
ℓb

− rCr=1
ℓb

− Clens
ℓb

− Cnoise
ℓb

)
M−1

ℓbℓ
′
b

(
Cout
ℓb

− rCr=1
ℓb

− Clens
ℓb

− Cnoise
ℓb

)
,

(4.23)

where Cout
ℓb

= Clens
ℓb

+ C f gds
ℓb

+ Cnoise
ℓb

is the averaged binned CMB B-mode power
spectrum extracted from the output ’cleaned’ map. In which we assume the
cross-correlation terms between different components to be zero and primordial
B-modes are not included. Additionally, in Cout

ℓb
, we assume that the primary
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systematic bias to the final angular power spectrum arises from the residual
Galactic contamination, as we expect the usage of advanced de-noising techniques
such as Monte-Carlo simulations can effectively reduce the noise bias. This justifies
eq. (4.23). Cr=1

ℓb
is the theoretical binned primordial CMB B-mode angular power

spectrum for r = 1. Clens
ℓb

is the theoretical B-mode lensing power spectrum. M−1
ℓbℓ

′
b

is the inverse covariance matrix for Cout
ℓb

computed as:

Mℓbℓ
′
b
=

1
N − 1

N

∑
i=1

(
C(i,out)
ℓb

− Cout
ℓb

) (
C(i,out)
ℓ′b

− Cout
ℓ′b

)
, (4.24)

where i runs over N=100 simulations and Cout
ℓ′b

is the averaged power spectrum
of output cleaned map over 100 simulations. To evaluate the effect of foreground
residuals on the estimation of r from Cout

ℓ , we fit r only on binned C f gds
ℓ using eq.

(4.23). By maximizing the likelihood function L(r), we can find the most probable
value of r. In this work, we adopt a uniform binning with ∆ℓ = 15. Such a choice
ensures the power spectrum is much more Gaussian distributed due to the central
limit theorem.

In the next chapter, the ILC and NILC data analysis pipelines are applied to
simulated Planck data.
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Chapter 5

Planck Data Analysis

In this chapter, a base-level model of ILC in addition to NILC is applied to the sim-
ulated multifrequency data set, obtained by combing CMB, noise and foreground
signals across the seven Planck polarization frequency channels considering the
experimental configuration in table 3.1. We perform the analysis only on the
B-modes. Although Planck was not specifically designed for B-mode studies, the
goal is to assess the performance of the ILC and NILC techniques, in preparation
for future higher-sensitivity measurements.

5.1 Reconstructed CMB B-modes

For the NILC analysis, the adopted configurations for standard and mexican
needlets are shown in Figure 5.1. The shape of the needlet bands is determined by
the harmonic function b in equation (4.10), while their width by the parameter B
is defined in eq. (4.10). Lower values of B indicate more localization in harmonic
space with fewer multipoles contributing to any needlet coefficient, while larger
values result in wider harmonic bands. Standard needlet-based NILC pipeline
will be referred to as NILC (s), and Mexican needlet-based NILC will be denoted
as NILC (m). This terminology will be used uniformly throughout this work.

(A) (B)

FIGURE 5.1: (A) Mexican needlet bands with B = 1.5 in harmonic
domain. The first low-multipole filter is obtained by merging the
first 11 bands using eq. (4.21). (B) Standard needlets with the first 12

bands merged with B = 1.5.
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Both ILC and NILC are applied to the entire sky. Their results are reported in
terms of angular power spectra. The spectra are estimated using the MASTER (Monte
Carlo Apodized Spherical Transform Estimator) algorithm [114, 115] utilizing the
pymaster python package1 to correct for masking and beam effects. A bin size of
∆ℓ = 15 is employed to perform the power spectrum extraction [116].

The averaged foreground residual maps are shown in Figure 5.2 for PySM
models s3d1, s3d7, and s3d12, showing residuals are stronger along the Galactic
plane. Therefore, a Galactic plane mask, illustrated in figure 5.3, has been applied
to estimate angular power spectra, excluding 40% and 60% of the sky. This allows
us to extract the power spectrum on regions with lower foreground contamination.
This reduces the impact of strong foregrounds at low multipoles, resulting in a
slightly improved reconstruction of the CMB power spectrum.

FIGURE 5.2: Average foreground residual B-mode maps from ILC
pipeline over 100 simulations for three different foreground models:

s3d1 (top), s3d7 (middle), and s3d12 (bottom).

1https://namaster.readthedocs.io/en/latest/
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For the extraction of the angular power spectra, we specifically consider the
publicly released Planck Gal60 and Gal40 masks (shown in figure 5.3), retaining
60% and 40% of the sky, respectively.

FIGURE 5.3: Planck masks adopted in the analysis of Planck compo-
nent separated CMB maps.

5.1.1 Results

To apply the ILC and NILC techniques introduced in sections 4.2 and 4.3, we
generated 100 distinct realizations of the CMB Q and U maps (see section 3.1), and
similarly 100 simulations of Gaussian white and isotropic noise Q and U maps
for each of the Planck experiment’s frequency channels, for which the sensitivity
levels are reported in table 3.1. Dust and synchrotron Q and U foreground maps
at the seven Planck polarization frequency bands are also generated. The Q and U
maps obtained by combining all these components are then brought to a common
angular resolution corresponding to a Gaussian beam with FWHM = 70 arcmin
accounting for the input angular resolution of each channel as given in eq. (3.8) and
eq. (3.9). Corresponding B-mode frequency maps, for use in the analysis, are then
obtained through a QU-to-B full-sky transformation. The component separation
is applied to Planck simulations assuming three different foreground models
(s3d1, s3d7, s3d12) to encapsulate the variability and uncertainty in foreground
emissions under varied scenarios. Each combination of models comprises a unique
set of parameters and assumptions regarding the behaviour of astrophysical
foregrounds.
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(A) fsky = 60% (B) fsky = 40%

FIGURE 5.4: B-mode angular power spectra of noise and foreground
residuals for ILC (green), NILC with standard needlets (NILC(s), red)
and NILC with Mexican needlets (NILC(m), blue) when applied to
the Planck simulated data set. Foreground residuals are displayed in
solid lines, while noise residuals in dashed lines. Both are obtained as
averages over 100 simulations. Power spectra are computed after the
application of Galactic masks retaining fsky=60% (A) and fsky=40%
(B). The binning size of ∆ℓ = 15 is adopted. Results are reported for
three different foreground models: s3d1 (top), s3d7 (middle), and
s3d12 (bottom). The input CMB (with r=0) power spectrum averaged
over 100 spectra, obtained after applying the same galactic mask to
100 simulated CMB-only maps is shown with the light-blue solid line.
The grey shaded area indicates the amplitude range targeted by SO

for the primordial tensor signal: r ∈ [0.003, 0.028].

Figure 5.4 shows the averaged power spectrum of foreground residuals (solid
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lines) from the different pipelines, estimated as outlined in section 4.5.1. The ILC
foreground residuals are considerably lower than NILC(s) and NILC(m) at small
angular scales (high multipoles), indicating the effectiveness of the ILC method in
reducing foreground contamination at these scales. This is because ILC minimizes
variance in pixel space, where variance is mainly sourced by modes on small
scales allowing it to effectively trace foregrounds at these scales. NILC minimizes
variance at separate scales. Therefore, it works better at identifying and removing
foregrounds at large scales compared to ILC. This feature is crucial for detecting
the tensor-to-scalar ratio r on large scales.

For the same reasons mentioned above ILC noise residuals are lower at low
multipoles because ILC weights are calibrated mainly on small-scale features,
which are mainly noise dominated. On the other hand, NILC performs slightly
better at lowering the noise residuals at small angular scales as it implements vari-
ance minimization separately at different angular scales allowing it to disentangle
the noise dominance at small scales and remove it effectively. These findings are
consistent with those presented in [110].

As d12 is a more complex model compared to d1 and d7, minimizing its impact
is more challenging, therefore it shows relatively higher residual levels at power
spectrum level than d1 and d7. The residual levels for s3d1, s3d7 and s3d12
models do not show significant variations at the power spectrum level. As the
templates of dust d1 and d7 are derived from the Planck data. The d12 model
while not entirely derived from Planck’s data, it is developed to match Planck’s
constraints. Thus, NILC cannot significantly discriminate among different models.

Results are quite stable with both masks. With the more conservative 40%
mask, residuals for the two NILC implementations are more compatible, and we
use this mask for deriving constraints on r. The posterior distribution for the
effective foreground contamination to r is shown in Figure 5.5 and is estimated
using eq. (4.23) on 40% of the sky. Since our simulated data have no primordial
B-modes (r = 0), the only contribution to r comes from residual foregrounds. In
particular, we also assume the use of advanced de-noising techniques, such as
Monte-Carlo simulations, that can effectively reduce the noise, allowing us to
neglect it in our analysis (see section 4.5.2). Thus, we fit the foreground residuals
spectrum C f gds

ℓ with a primordial tensor spectrum with varying r ranging from
10−4 to 1. The large foreground residuals in the case of Planck lead to highly biased
posterior distributions. The detection at 68% confidence level (CL) is r ∼ 10−1,
which is much higher than the target detection level of future CMB experiments.

5.2 Conclusion

The ILC approach does not perform well with the Planck data set, leading to a clear
bias on the value of r due to residual foregrounds. This is because ILC does not
make any assumptions about the foreground models and minimizes the variance
of the final map. However, since the polarization data from Planck is heavily
dominated by noise, ILC’s ability to mitigate the foreground contribution in B-
modes, which is sub-dominant at all frequency channels, is limited. Additionally,
excluding 60% of the sky fraction shows only a slight reduction in the residual
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FIGURE 5.5: The posterior distribution of an effective tensor-to-scalar
ratio fitted to the NILC and ILC foreground residuals over fsky = 40%.
The 68% CI are marked with dashed lines. The grey shaded band
indicates the amplitude range for the primordial tensor signal target

by future experiments: r ∈ [0.003, 0.028].

levels, but it is still above the required sensitivity level. As the Planck satellite has
limited sensitivity to polarization, the data collected by Planck is not sufficient to
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reach an accurate cosmological measurement of the tensor-to-scalar ratio.
The uncertainty σr(r = 0) on r, we have found from our simulated data ranges

from 0.04 to 0.06. This is not compatible with the upper bound on r of 0.028,
obtained by combining data from Planck and BICEP2/Keck [23, 24] as expected.
Instead, it is comparable with σr = 0.069, found by the analysis of B-modes in [51].

Although both ILC and NILC give bias on r due to residual foreground con-
tamination, we find that NILC outperforms ILC. NILC is more effective in recon-
structing r, given the fact that most of the constraining power is on large scales
where NILC better removes foregrounds. Therefore, in the next chapter, we will
investigate the performance of the NILC method on higher sensitivity SO, SP and
SL datasets to constrain the value of r.



51

Chapter 6

SO Data Analysis

The Simons Observatory (SO) Small Aperture Telescopes (SATs) aim to measure the
primordial tensor-to-scalar ratio r with high precision, targeting an uncertainty of
less than 0.003 by observing the polarized CMB over a sky region with fsky ∼ 34%
[20]. In this chapter, we present the analysis of the NILC and MC-NILC pipelines
introduced in sections 4.3 and 4.4 respectively, and compare their performance
on a set of realistic SO sky simulations. Their effectiveness is evaluated in terms
of bias (see section 4.3.1), foreground and noise contamination, and statistical
uncertainty on r using a Gaussian likelihood as already outlined in section 4.5. Due
to limited sky coverage and large-scale atmospheric contamination, SO will not
access information on scales larger than ℓ < 30, thus being able to constrain r only
through the observations of the recombination peak. We utilize the same needlet
bands for both NILC and MC-NILC illustrated in Figure 5.1, but the separation
methods exclude modes with multipoles below ℓ = 32, as SO-SATs cannot detect
multipoles ℓ < 30 due to atmospheric contamination. In this chapter, we consider
the same models for Galactic foreground emission as in Planck’s analysis. This
analysis excludes the Simons Observatory’s Large Aperture Telescope (LAT), as it
is not intended for primordial B-mode studies.

SO Sky Coverage

The SO SAT is designed to cover approximately 30-40% of the sky. However, due
to the uneven scanning strategy of the telescope, certain regions of the sky will be
observed more frequently than others. This concentrated observation in specific
areas results in an effective sky fraction of about 10% [20], as depicted in Figure 6.1.
Since these regions will be scanned multiple times, they will consequently have
lower noise levels, leading to higher data quality and more precise measurements
than the less frequently observed areas. Thus, we perform the subsequent analysis
for the Gaussian noise on this 10% of the sky as shown in Figure 6.1(top). Figure
6.1(bottom) shows the observed 34% fraction of the sky by SO-SAT over which we
have implemented the NILC method using the realistic noise model.

6.1 Gaussian Noise vs Realistic Optimistic Noise

In this section, we present the analysis of NILC on simulated data set of SO experi-
ment with both Gaussian and Realistic noise, even considering the combination of
SO data with high-frequency data from Planck (SP) and LiteBIRD (SL) according
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FIGURE 6.1: Top: Coverage of the sky by the SO-SAT experiment
mapped in Galactic coordinates. The unshaded area represents the
most observed 10% fraction of the sky. Bottom: Full Coverage of
the sky by SO-SAT experiments. The unshaded area represents the

observed 34% part of the sky.

to the experimental configurations outlined in section 3.5. These data sets are
generated in the same way as presented in section 5.1.

6.1.1 NILC Results

NILC is implemented on the SO, SP and SL simulated maps. Gaussian isotropic
noise model indicating the optimistic level of white noise is simulated with the
baseline senstivity levels given in section 3.5 for each frequency channel, and
smoothed with an effective kernel according to eq. (3.8) and eq. (3.9) (see section
3.4). The results for this model are obtained considering the component separation
of the most observed 10% region of the sky as shown in Figure 6.1(top). The
realistic noise model is simulated according to assumptions introduced in section
3.4. The cleaning procedure is performed, in this case instead, on fsky = 34%
as shown in Figure 6.1(bottom), as it is the complete region observed by SO.
However, for a direct comparison of both noise models, the angular power spectra
are computed, also in this case, over the patch of most observed pixels with
fsky = 10% shown in Figure 6.1(top). The angular power spectra (averaged over
100 simulations) of foreground and noise residuals for Gaussian, isotropic noise
and realistic noise are illustrated in Figure 6.2. They are reported within the
multipole range employed for the analysis of SO-SATs simulations: (32< ℓ < 256).
From Figure 6.2 (bottom pannel), we notice that noise residual levels are higher
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in the case of realistic noise for the SO because the realistic noise model accounts
for the actual more complex structure of the instrumental noise across the sky.
This includes the inhomogeneous scanning strategy of the telescopes and the 1/ f
term accounting for correlated noise and atmospheric contamination. In contrast,
the Gaussian white noise model represents a highly optimistic scenario where
the noise is assumed to be purely statistical, and uniform across the sky for each
frequency channel. This idealized model does not capture some of the additional
sources of noise that are present in a real experimental setup. Other conclusions
that can be drawn from Figure 6.2 are:

• For PySM model s3d1, the foreground residuals are slightly higher than
s3d7. However, the noise levels are relatively consistent among the two
models. The s3d12 model shows higher foreground residuals, largely be-
cause of the increased complexity due to multiple dust components along the
line of sight which causes much more significant SED distortions and vari-
ations, if compared to the other models. This result highlights that NILC’s
scale-dependent approach struggles to locally track multiple distinct SEDs
simultaneously, leading to higher residual dust contamination.

• For s3d12 we observe a clear improvement from introducing LiteBIRD. Apart
from this, we do not observe any significant improvement among SO, SP and
SL data sets. These results suggest that the addition of Planck or LiteBIRD
high-frequency channels does not introduce beneficial additional informa-
tion in the SO patch for this less complex sky model.

• For the SO and SP datasets, the foreground and noise residuals are generally
comparable across all combinations of PySM models. However, a notable
reduction in noise residuals is observed for the SL dataset, which combines
data from SO (Simons Observatory) and LiteBIRD with the experimental
configuration listed in Table 3.5. This improvement is primarily due to the
inclusion of two additional high-frequency channels at 337 GHz and 402
GHz. These channels not only extend the frequency coverage but also feature
decreased instrumental noise and enhanced sensitivity with respect to SO
and SP, particularly for detecting foreground components, like dust, which
are more prominent at higher frequencies. The improved sensitivity of SL
high-frequency observations in these channels leads to lower overall noise
residuals. The finer angular resolution (FWHM) of the higher frequency
channels further contributes to the precision of the measurements, enhancing
the overall data quality. In the case of s3d12, the residuals are lower when
the SL data set is used.

• The foreground residuals in the case of realistic noise are similar to those
in the case of Gaussian white, isotropic noise, with some improvement at
intermediate angular scales especially for the sky models s3d7 and s3d1.
Since the foregrounds are the dominant signal in many regions of the sky,
the presence of either realistic noise or Gaussian white noise has a limited
impact on the overall residuals after applying NILC.

• The NILC method achieves foreground residuals below the SO target detec-
tion level of r ∼ 10−2 with comparable NILC performance for standard and
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mexican needlets, except for the s3d12 model, where NILC weights attempt
to locally track multiple distinct SEDs simultaneously, resulting in noisier
and less efficient removal of Galactic emission in each pixel.

• Noise residual levels are higher in the case of realistic noise than Gaussian
isotropic, white noise model.

An assessment of the NILC bias in reconstructed CMB B-modes, as introduced
in section 4.3.1 and computed with eq. (4.22) for both noise models, is reported
in figure 6.3. For all data sets, sky models and noise assumptions, the NILC
bias is well within the 1σ dispersion of the mean power spectrum, computed as
σ(Cbias

ℓ )√
Nsims

, with Nsims = 100 the number of simulations. These results indicate that
the configuration employed in this analysis for both mexican and standard needlet
bands (see Figure 5.1) does not introduce any significant bias in the partial sky
reconstruction of the CMB signal.

6.1.2 Likelihood Estimation

In this section, we analyse how the estimate of r is impacted by foreground and
noise residuals in the B-mode solutions obtained for the SO patch (see section
4.5.2). In eq. (4.20), the primary systematic bias to the final angular power
spectrum arises from the residual Galactic contamination. To evaluate the effect of
this residual term on the estimation of r from Cout

ℓ , we fit r on binned C f gds
ℓ using

a Gaussian likelihood as described in eq. (4.23). We assume the use of advanced
de-noising techniques such as Monte-Carlo simulations that can effectively reduce
the noise, allowing us to neglect it in our analysis. For the estimation of the
likelihood, a binning scheme of ∆ℓ = 15 has been used to make the angular power
spectrum Gaussian distributed (see section 4.5.2).

Likelihood results for the three data sets and three PySM models are reported
in Figure 6.4 for Gaussian white noise and in Figure 6.5 for realistic SO noise. The
likelihood is consistently estimated by excluding the multipole range of ℓ < 32.
The posterior on r is mildly biased for s3d1 and s3d7, while significantly biased
for s3d12, due to larger foreground residuals. As expected, the posteriors on r
for the case with realistic noise are broader since the level of the noise residual is
higher.

The posterior distribution for all datasets demonstrates NILC effectiveness in
removing the majority of foreground contamination, leading to an upper limit
on r from foreground residuals of r ∼ 4 · 10−3 at 68% CL with σr ∼ 10−3 across
the s3d1 and s3d7 models. For s3d12, instead, the detection remains statistically
very significant due to increased foreground contamination. To overcome these
biased distributions and enhance measurement accuracy, we therefore study the
application of the MC-NILC pipeline. This advanced approach aims to further
refine foreground signal subtraction and reduce uncertainties on r by utilizing
more sophisticated subtraction methods to address more complex foreground
emission, as outlined in section 4.4.

The same analysis is repeated with a more conservative mask excluding the
0.2% of brightest regions shown in Figure A.1 using the Gaussian white, isotropic
noise model. The masking strategy and results are reported in Appendix A.
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FIGURE 6.2: B-modes angular power spectra averaged over 100
simulations for foreground and noise residuals, respectively shown
with solid and dashed lines. Two needlet bases are considered i)
Standard (red) and ii) Mexican (blue). Power spectra are computed
within the SO 10% most observed region (shown in Figure 6.1) and
they are binned with an interval of ∆ℓ = 15. In the top panel, results
are given for Gaussian white, and isotropic noise, and in the bottom
panel for realistic noise. The input CMB (with r=0) power spectrum,
averaged over 100 spectra, obtained after applying the same SO
mask to 100 simulated CMB-only maps is shown with the light-blue
solid line. The grey-shaded region indicates the amplitude range
of the primordial tensor signal targeted by SO: r ∈ [0.003, 0.028].
Results are reported for three different foreground models: s3d1
(top), s3d7 (middle), and s3d12 (bottom) and three data sets: SO (left),

SP (middle) and SL (right).
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FIGURE 6.3: NILC reconstruction bias CBB
ℓ,bias estimated with eq. (4.22)

over fsky = 10%, whereas CBB
ℓ,in is the averaged binned CMB B-mode

angular power spectra estimated from CMB B-mode simulations on
the same fraction of the sky. The uncertainty on the power spectrum

of the average bias is estimated as σ(Cbias
ℓ )√

Nsims
. In the top panel, results

are given for Gaussian white, and isotropic noise, and in the bottom
panel for realistic noise. Results are reported for three different
foreground models: s3d1 (top), s3d7 (middle), and s3d12 (bottom)
and three data sets: SO (left), SP (middle) and SL (right), and for both

standard and mexican needlets
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FIGURE 6.4: L(r) (described in section 4.5.2 obtained with eq. (4.23))
obtained from NILC application for Gaussian white, isotropic noise
simulations, computed considering angular power spectra (averaged
over 100 simulations) estimated in fsky = 10% SO patch and with
∆ℓ = 15. 68% CI for mexican (in blue) and standard (in red) are
shown with dashed vertical lines. The grey-shaded region indicates
the amplitude range of the primordial tensor signal targeted by SO:
r ∈ [0.003, 0.028]. Results are reported for three different foreground
models: d1s3 (top), d7s3 (middle), and d12s3 (bottom), and for three

different data sets: SO (left), SP (middle) and SL (right).
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FIGURE 6.5: L(r) from NILC application in the case of realistic SO
noise simulations, computed considering angular power spectra
(averaged over 100 simulations) computed in the SO patch with
fsky = 10% and ∆ℓ = 15. 68% CI for mexican (in blue) and standard
(in red) are shown with dashed vertical lines. The grey-shaded region
indicates the amplitude range of the primordial tensor signal targeted
by SO: r ∈ [0.003, 0.028]. Results are reported for three different
foreground models: s3d1 (top), s3d7 (middle), and s3d12 (bottom),
and for three different data sets: SO (left), SP (middle) and SL (right).
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6.2 MC-NILC Analysis

In the MC-NILC application presented in this thesis work, 280 GHz is selected as
the higher frequency channel and 93 GHz as the lower frequency channel to build
the effective spectral index map. This configuration enables the simultaneous
tracing of spatial variations in polarized thermal dust and synchrotron emission
in B-modes. In this analysis, the tracer is constructed in an ideal framework from
foregrounds-only maps, as outlined in section 4.4. The adopted needlet config-
urations are those shown in Figure 5.1. For each needlet scale j, the foreground
needlet coefficients β f ,j are obtained by filtering the input foreground map with
the corresponding needlet band and then the ratio β280

f ,j /β93
f ,j is built. The ratio is

then thresholded to obtain a partition with equal area patches in the SO footprint.
An example of a partition with 5 different patches (for visualization purposes) is
shown in Figure 6.6. This map provides in first approximation an estimation of

FIGURE 6.6: Partition of the SO patch in 5 clusters of equal area,
constructed thresholding a tracer map obtained as the ratio of the
foreground (s3d1) simulated maps at ν1 = 280 and ν2 = 93 and

filtered with a needlet band for j = 0 (see section 4.4).

how the spectral characteristics of Galactic foregrounds in B-modes are distributed
spatially across large and intermediate angular scales.

To apply the MC-NILC pipeline effectively, the optimal number of patches,
denoted as N, is determined by evaluating the bias on r from foreground residuals
in the reconstructed CMB data for different values of N. The obtained residuals
and posteriors for the different cases are displayed in Figure 6.7 (top). This plot
suggests that there is no sensitivity to different patch numbers after N=20. As
illustrated in Figure 6.7 (bottom), the foreground residuals start to decrease as
N increases, indicating enhanced separation of the foregrounds from the CMB
signal. However, this reduction in residuals is not linear. After N=20, the decline
in foreground residuals starts to plateau. Consequently, increasing the number
of patches beyond this threshold does not significantly enhance the removal of
foreground contamination. Therefore, for subsequent analysis, we have opted for
N=20 clusters to prevent any bias in the CMB reconstruction. The variance of the
output solution is then minimized separately within each patch.
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FIGURE 6.7: Top: Posterior distribution on r derived from fitting
the average power spectrum of the MC-NILC foreground residuals
C f gds
ℓ for different partition numbers, N. The dashed lines indicate

the 68% upper bound. The PySM model used for Galactic emissions
is s3d1. The posterior distributions for the effective tensor-to-scalar
ratios were obtained using a binning interval of ∆ℓ = 15. Bottom:
Average angular power spectra of MC-NILC foreground (solid lines)
and noise (dashed lines) residuals for various partition numbers N,
from the analysis of 100 simulations of the SO data set. The input
CMB (with r=0) power spectrum averaged over 100 spectra, obtained
after applying the same SO mask to 100 simulated CMB-only maps is
shown with the light-blue solid line. The grey shaded area indicates
the amplitude range of the primordial tensor signal targeted by SO:

r ∈ [0.003, 0.028].
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6.2.1 MC-NILC Results

The results shown in this section are obtained considering the PySM s3d1 and
s3d12 models for the Galactic emission. We have used Gaussian white noise in this
section. Foreground and noise residuals obtained with MC-NILC are shown in
Figure 6.8. We observe that MC-NILC results in lower foreground residuals than

FIGURE 6.8: Averaged angular power spectra of foregrounds (solid
lines) and noise residuals (dashed lines), binned with an interval of
∆ℓ = 15, obtained from the application of MC-NILC and NILC with
standard needlets (MC-NILC (s), blue; NILC(s), green) and mexican
ones (MC-NILC (m), red; NILC(m), purple). Spectra are estimated
within the SO 10% most observed region (shown in Figure 6.1). The
input CMB (with r=0) power spectrum averaged over 100 spectra,
obtained after applying the same SO mask to 100 simulated CMB-
only maps is shown with the light-blue solid line. The grey shaded
area indicates the amplitude range of the primordial tensor signal
targeted by SO: r ∈ [0.003, 0.028]. Top pannel: s3d1 and Bottom

pannel: s3d12

NILC across all the relevant angular scales for both PySM models. This reduction
is particularly noticeable at the largest scales, where the power of foreground
residuals is more than an order of magnitude lower than that of NILC. Aside from
reducing foreground contamination, the MC-NILC solutions also show lower noise
residuals than those of NILC. This improvement is expected, as the minimization
process is conducted within each patch, where the B-mode foregrounds possess
similar characteristics and the spectral properties of foregrounds remain constant
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FIGURE 6.9: MC-NILC reconstruction bias CBB
ℓ,bias is estimated with

eq. (4.22) over fsky = 10%, whereas CBB
ℓ,in is the averaged binned

CMB B-mode angular power spectra estimated from CMB B-mode
simulations on the same fraction of the sky. The uncertainty on the

power spectrum of the average bias is estimated as σ(Cbias
ℓ )√

Nsims
. Results

are reported for s3d1 (top) and s3d12 (bottom) models.
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FIGURE 6.10: Posterior distribution on r for MC-NILC with mexican
needlets (in blue) and standard needlets (in red). 68% CI for mexican
(in blue) and standard (in red) are shown with dashed vertical lines.
The grey shaded area indicates the amplitude range of the primordial
tensor signal targeted by SO: r ∈ [0.003, 0.028]. Results are reported

for s3d1 (top) and s3d12 (bottom) models.

across the patch for each model. A simpler foreground sky is expected to lead to
lower residuals from both contaminants as the weights are automatically better
calibrated to subtract instrumental noise.

Figure 6.9 shows the amount of CMB reconstruction bias (see section 4.3.1)
relative to the input CMB B-mode signal, given by the application of MC-NILC
on a simulated dataset. We observe that the bias is under control, compatible
with zero given the uncertainty of the average Cbias

ℓ . This quantity is estimated as
σ(Cbias

ℓ )√
Nsims

, where Nsim = 100.
The plot in Figure 6.10 shows that the effective tensor-to-scalar ratio fitted to

the Galactic foreground residuals has a posterior distribution (computed according
to section 4.5.2) with an upper limit at 68% CL of the order of r ∼ 2 · 10−3 for MC-
NILC (with mexican and standard needlets) with σr = 0.001 for both models. This
upper bound is compatible with the target of SO. We have found this constraint
by excluding the multipoles ℓ < 32. This upper bound is mainly sourced by the
contribution of the noise residuals to the covariance matrix in eq. (4.23).



64 Chapter 6. SO Data Analysis

6.3 Conclusion

NILC provides an alternative to parametric methods. Its needlet bases enable the
linear combination weights to adapt to the local conditions of foreground and
noise contamination in the pixel domain. This prioritizes foreground removal
at large angular scales and noise subtraction at smaller ones. For the considered
PySM models, NILC shows potential because it depends very little on prede-
fined assumptions, providing an alternative to parametric component separation
methods for analyzing B-mode data in forthcoming CMB experiments. However,
substantial evidence indicates that the spectral energy distribution of polarized
Galactic emissions significantly varies across the sky, making it challenging for
NILC to accurately estimate and reduce foreground contamination. This is espe-
cially important for B-mode analysis, where the primordial signal is much weaker
in comparison to the Galactic foregrounds.

For s3d1 and s3d12 models, we show that the MC-NILC partitioning effectively
captures the varying characteristics of the foregrounds across the SO patch. This
leads to lower residual contamination and tighter constraints on the tensor-to-
scalar ratio compared to NILC.

MC-NILC analysis demonstrates significant improvements in the reduction of
the noise and foreground residuals compared to the standard NILC method. By
partitioning the sky into 20 regions based on the spatial distribution of Galactic
foreground spectral properties, the MC-NILC pipeline achieves lower residuals,
enhancing the separation of foregrounds from the CMB signal. NILC provides
results that are marginally consistent with the SO targets for s3d1 and s3d7 (with
an upper bound at 68% CL of r ∼ 4 · 10−3 and r ∼ 3 · 10−3 ), while we have
verified that it is not able to properly reduce contamination for more complex
models such as s3d12. The increased flexibility of MC-NILC allows better control
of the foreground and increases sensitivity. We demonstrated this for the s3d1
model (upper bound at 68% CL of r ∼ 2 · 10−3), and verified it for a complex
foreground model as s3d12 (upper limit at 68% CL of r ∼ 2 · 10−3) and we expect
comparable results for s3d7. Hence, MC-NILC indeed allows us to meet the SO
targets and presents a valuable method for analyzing B-mode data in upcoming
CMB experiments.
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Conclusion

The primary objective of future CMB experiments will be to detect polarization B-
modes created by primordial tensor perturbations. Such a detection would finally
confirm the inflationary scenario. A major challenge in achieving this objective is
Galactic foreground emission, which overshadows the primordial signal by several
orders of magnitude. In this thesis, we investigated blind component separation
methods to mitigate this contamination with minimal modelling assumptions. We
first implemented the NILC pipeline on our simulated data sets using spherical
wavelets, which enables the linear combination weights to adjust to the local
conditions of the foregrounds at large scales and noise contamination on smaller
angular scales. We then extended this approach to a multi-clustering method called
MC-NILC as proposed in [111]. This approach improves the NILC technique by
independently minimizing variance in various sky regions (clusters or patches)
selected to have similar spectral characteristics of B-mode Galactic emission.

To test these techniques we generated realistic simulations of multi-frequency
datasets for present and future experiments. In particular, we considered the
ground-based Simons Observatory (SO), which started taking data at the be-
ginning of 2024. In the analysis of the SO simulated set, we also considered
a combination with high-frequency measurements from space, like those from
Planck and those expected by LiteBIRD.

Utilizing the simulated Planck data, we demonstrated that due to the Planck
satellite’s limited sensitivity to polarization, both ILC and NILC give bias on r due
to residual foreground contamination. Additionally, they introduce significant
uncertainties in r of the order of σr ∼ 10−2. However, we found that NILC
outperforms ILC given the fact that most of the constraining power is on large
scales where NILC better removes foregrounds. Therefore, we applied the NILC
pipeline to the SO simulated data by considering different levels of complexity
for the foreground models: s3d1, s3d7 and s3d12. Such analysis leads us to the
following results:

• NILC proved to be effective in lowering the foreground and noise residuals
for s3d1 and s3d7. However, it resulted in a higher residual level for s3d12
due to the higher complexity of the dust model.

• The results indicated that incorporating high-frequency channels from Planck
and LiteBIRD does not result in any notable improvement in the SO patch,
apart from a reduction in noise contamination for the case of the inclusion of
LiteBIRD data.

• NILC provided results that are marginally consistent with the SO targets
for s3d1 and s3d7 (with an upper bound at 68% CL of r ∼ 4 · 10−3 and
r ∼ 3 · 10−3 ), while it is not able to properly reduce contamination for the
more complex model s3d12 (resulting in a bias on r ∼ 1 · 10−2).
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• We compared the performance of the NILC pipeline on two noise models:
Gaussian white, isotropic model and realistic noise for the SO experiment.
We concluded that the realistic noise model accounting for non-uniform
sky coverage and 1/ f noise component leads to higher noise residuals,
highlighting the impact of atmospheric and instrumental realistic effects.
Whereas, foreground residuals remain similar in both cases.

Finally, we applied MC-NILC, in this thesis, for the first time, to SO simulated
data with Gaussian white and isotropic noise on two foreground models: s3d1
and a more complex foreground model s3d12. NILC was not able to mitigate the
contamination from s3d12 and left a bias on r. However, with MC-NILC we were
able to achieve considerably lower foreground and noise residuals than NILC and
found an upper bound for both the models at 68% CL of r ∼ 2 · 10−3, which is
compatible with the SO science targets.

The work developed in this thesis places an important step in the extension
of optimized minimum variance techniques (as MC-NILC) to partial-sky ground-
based CMB observations. In the future, this study could be improved in several
ways. First, we intend to extend the application of the MC-NILC method to the
case that includes a more realistic SO noise model. In this thesis, we used an
idealized approach to derive the tracer of the foreground emission that is needed
to generate the sky partition. Specifically, we adopted the ratio of foreground maps
simulated at different frequencies. However, in a real-case scenario, we cannot
access this information. We aim to extend this study to a case where the MC-NILC
tracer is obtained from the full simulated data through a realistic approach.

Continued advancements in component separation methods will be crucial
for ensuring the success of next-generation experiments, such as the Simons
Observatory [20], CMB-S4 [52], and LiteBIRD [26].
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Appendix A

SO 3σ masking

Some pixels in a map often need to be masked even after a foreground reduction
technique has been applied. The purpose of a foreground mask is to exclude
regions in the sky which are supposed to be still significantly contaminated by
foreground residuals so that the estimated power spectrum and the following
cosmological analysis are not affected by such contaminants. As done in [111], such
a mask is generated using the averaged foreground residual map smoothed to 3°,
which is thresholded to obtain a binary mask shown in Figure A.1, with a slightly
lower fsky value of 9.8%. The threshold value is obtained by averaging the standard
deviation of the 100 CMB B-mode maps generated with r = 0.003 and smoothed
with the same resolution. The averaged foreground map is smoothed before
applying the threshold to reduce small-scale fluctuations, which are primarily
caused by noise and CMB signals in real data. This step helps prevent the resulting
masks from having a patchy structure.

FIGURE A.1: Foreground mask obtained after setting the pixels above
the threshold 3σ = 0.03 equal to zero, resulting in fsky = 9.8%.

A.1 Masking Results

We report the results for NILC using Gaussian isotropic, noise model with the
3σ masking scheme as described above. Figure A.2 shows a reduction in the
foreground residuals after applying the 3σ threshold with respect to the 10% SO
patch. The reduction in foreground residuals is mainly because we excluded the
most contaminated regions in the sky with large angular scales. Thus by masking
these areas, we minimized the contribution from the strong residual foregrounds
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FIGURE A.2: B-modes angular power spectra averaged over 100
simulations for foreground residuals, respectively shown over fsky =
9.8% (solid lines) and fsky = 10% (dashed lines). Two needlet bases
are considered i) Standard (red) and ii) Mexican (blue) binned with
an interval of ∆ℓ = 15. The input CMB (with r=0) power spectrum
averaged over 100 spectra, obtained after applying the same SO
mask to 100 simulated CMB-only maps is shown with the light-blue
solid line. The grey-shaded region indicates the amplitude range
of the primordial tensor signal targeted by SO: r ∈ [0.003, 0.028].
Results are reported for three different foreground models: s3d1
(top), s3d7 (middle), and s3d12 (bottom) and three data sets: SO (left),

SP (middle) and SL (right).
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FIGURE A.3: NILC reconstruction bias CBB
ℓ,bias is estimated with eq.

(4.22) over fsky = 9.8%, whereas CBB
ℓ,in is the averaged binned CMB

B-mode angular power spectra estimated from CMB B-mode sim-
ulations on the same fraction of the sky. The uncertainty on the

power spectrum of the average bias is estimated as σ(Cbias
ℓ )√

Nsims
. Results

are reported for three different foreground models: s3d1 (top), s3d7
(middle), and s3d12 (bottom) and three data sets: SO (left), SP (mid-

dle) and SL (right), and for both standard and mexican needlets
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FIGURE A.4: L(r) for Gaussian white noise on fsky = 10% with
∆ = 15ℓ. 68% CI for mexican (in blue) and standard (in red) are
shown with dashed vertical lines. The grey shaded region indicates
the amplitude range of the primordial tensor signal targeted by SO:

r ∈ [0.003, 0.028].

in the final analysis. However, the noise residuals remained consistent as they are
largely uniform across the map and are not concentrated in the specific regions
affected by the foregrounds. Therefore, masking the high-foreground areas had
little impact on the overall noise level, as the noise is evenly distributed and
does not correlate with the foreground structures in our ideal scenario. Posterior
distribution with this making strategy is shown in Figure A.4, which shows lower
68% CL due to reduced foreground residuals
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